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Abstract. We consider certain K"3-fibered Calabi-Yau threefolds. One class 
of such Calabi— Yau threefolds are constructed by Hunt and Schimmrigk in 
|13) using twist maps. They are realized in weighted projective spaces as 
orbifolds of hypersurfaces. Our main goal of this paper is to investigate arith- 
metic properties of these i-C3-fibered Calabi-Yau threefolds. In particular, we 
give detailed discussions on the construction of these Calabi— Yau varieties, 
singularities and their resolutions. We then determine the zeta- functions of 
these Calabi-Yau varieties. Next we consider deformations of our /sT3-fibcred 
Calabi-Yau threefolds, and we study the variation of the zeta-functions using 
p-adic rigid cohomology theory. 
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1. Introduction 

We will study the so-called split-type (or product-type) Calabi-Yau threefolds. By 
this, we mean Calabi-Yau threefolds with fibrations of lower-dimensional Calabi- 
Yau varieties, that is, with elliptic, or K3 fibrations, or both. Hunt and Schimmrigk 
[13] described a method of constructing such split-type Calabi-Yau threefolds using 
twist maps, and showed many examples defined by hypersurfaces of diagonal (or 
Fermat) type in weighted projective spaces. In this paper, we also consider non- 
diagonal hypersurfaces which we call quasi-diagonal threefolds. They have many 
geometric properties in common with the diagonal type and they are birational 
to some quotient of diagonal threefolds. But, their arithmetic is slightly differ- 
ent and allows us to construct many more interesting examples. (For arithmetic 
purposes, we may work on more general hypersurfaces such as weighted Delsarte 
hypersurfaces. ) 

The Calabi-Yau threefolds constructed in this paper, except for those discussed 
in Sections [10] to 1121 have components of diagonal or quasi-diagonal hypersurfaces 
and they are of CM type in the sense that their Hodge groups are commutative. 
However, when hypersurfaces used in our construction are not of diagonal type, 
it is very unlikely that the quotient varieties are to be of CM type. For instance, 
deformations of our Calabi-Yau threefolds are not of CM type. 

In the earlier sections of this paper, we describe how to construct split-type 
Calabi-Yau threefolds. The way we construct the Calabi-Yau threefolds is as fol- 
lows: let S be a surface and C be a curve, and take a product S x C. Assume that 
a finite group fi acts on both S and C. Then define the quotient V :— S x Cj fi by 
this action of fi. Resolving its singularities, we obtain a Calabi-Yau threefold V. 
We focus our attention on the case where /x is a cyclic group acting on one variable 
of each component. Then V is birational to a quasi-smooth weighted hypersurface 
X and we can use toroidal desingularizations on X to construct a resolution V. 
In fact, singularities of X are easier to handle than those of V so that we can 
keep track of the fields of definition under desingularization. This is important for 
arithmetic investigations. 

The construction of V from a product S x C naturally induces fibrations on V. 
They are dependent on the choice of each component. We consider the cases where 
V has K3 and/or elliptic fibrations, as done in the paper of Hunt and Schimm- 
rigk rrj. 

We will then determine the zeta- functions of split-type Calabi-Yau threefolds. 
We discuss the cases where both S and C are defined by either diagonal or quasi- 
diagonal equations, so that V is birational to a hypersurface of diagonal or quasi- 
diagonal type in a weighted projective 4-space. The zeta-functions of such hyper- 
surfaces are computed by using Weil's method Our task is therefore to determine 
their singularities and resolutions explicitly to describe the zeta-function of V. 

In order to express their zeta-functions in a simple form, we compute them over 
some finite extensions of F p . But, by calculating them over several extensions of F p , 
we can determine zeta-functions over F p . We explain the idea of this in Section[8](cf. 
Lemma l8.2l and Remark I8.3j) and discuss more details in a subsequent paper. Also, 
our zeta-functions in Sections [8] and [9] are described in terms of Jacobi sums. They 
are endowed with a group action which induces a natural decomposition (called 
motivic decomposition) of zeta-functions. This is explained, for instance, in [11] 
and [24] and we investigate more details about this in a subsequent paper. 
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Now the etale cohomology groups of V are built up from those of components by 
the Kunneth formula. The eigenvalues of the Frobenius map on the etale cohomol- 
ogy groups of V are products of the eigenvalues of the components which are com- 
patible with the finite group actions. We compute the zeta-functions of K 3-fibered 
Calabi-Yau threefolds, using the splitting property, and computing eigenvalues of 
Frobenius for the components which are compatible with group actions. 

Next, we will study the variation of the zeta-functions of the Calabi-Yau three- 
folds considered in the previous sections. Some deformations can be constructed 
by twist maps, but not in general. We ought to introduce a different cohomology 
theory to study the zeta-functions, namely the p-adic rigid cohomology theory. 

The paper is organized as follows. 

In Section 2, we review some facts on weighted diagonal hypersurfaces and twist 
maps, respectively, which are needed for the subsequent discussions. In Sections 3 
and 4, we construct if 3-fibered or elliptic fibered Calabi-Yau threefolds via twist 
maps. We start with the product C x Y where C is a curve and Y is a surface. 
The twist map induces a group action, /x, on the product C x Y and we take the 
quotient V = C x Yj\x. Resolving singularities of V, we obtain a Calabi-Yau 
threefold with K3 or elliptic fibration. We list various examples of these using 
diagonal or quasi-diagonal hypersurfaces in weighted projective spaces. 

In Section 5, we study in detail singularities appearing in our constructions. We 
choose C and S to be quasi-smooth curves and surfaces, so that they have cyclic 
quotient singularities. In our case, V — S x C/fi is birational to a quasi-smooth 
hypersurface X which has at most cyclic quotient singularities. 

In Section 6, we consider resolutions of singularities. Since weighted projective 
spaces are toric varieties, we can employ toric dcsingularizations and they also 
resolve singularities of quasi-smooth subvarieties X. To find a crepant resolution of 
X (when it is Calabi-Yau) however, we usually need only a partial dcsingularization 
of the ambient space. We describe an algorithm for it and give several examples of 
explicit resolutions. We also discuss the field of definition for such resolutions and 
exceptional divisors. 

In Section 7, we compute the cohomology groups of smooth Calabi-Yau three- 
folds constructed from the products C x S where C is a diagonal curve and S a 
diagonal surface. In Sections 8 and 9, we explicitly calculate the zeta-functions of 
our Calabi-Yau threefolds. 

From Section 10 on, we consider a family of quasi-smooth hypersurfaces, focus- 
ing on a two-parameter family. Some of the deformations may not be constructed 
from the twist map. We compute the zeta-function of the family using rigid co- 
homology theory. In Section 11, the deformation matrix is computed in terms of 
hypergeometric functions. In the final section 12, an explicit example is discussed. 

In this paper, our discussions are focused on the local arithmetic, namely, the 
determination of the zeta-functions of our Calabi-Yau varieties. In subsequent 
papers, we plan to give global considerations and hope to determine the L-series 
of our Calabi-Yau varieties and discuss their modularity (at least at the motivic 
level.) Also, in this article, we have not fully utilized elliptic or if3-fibrations in 
our arithmetic quests, and this is left as a topic of our future investigation. This 
involves some function fields arithmetic of elliptic curves or K3 surfaces. 
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2. Preamble: weighted diagonal hypersurfaces 

We first recall the definition of weighted projective spaces, which are realized as 
certain singular quotients of the usual projective spaces. The standard references 
on weighted projective spaces are Dolgachev [6] and Dimca [4]. Let k be a field 
and fix an algebraic closure k of k. For instance, k = <Q> or k = ¥ q , a finite field 
of characteristic p — char(k) with q elements. In this section, we work only over 
k and often omit to specify the field of definition. Let (wq, wx, ■ • ■ , w n ) £ be 
a weight. When k — ¥ q , assume that gcd(g, wi) = 1 for every i. We may assume 
without loss of generality that weights are normalized, that is, no n of the n + 1 
weights have common divisor > 1. For each z,0 < i < n, let fj, w . denote the group 
of Wi-ih roots of unity. Let fx := fi w x • • • x fj, Wn act on the usual projective n-space 
P™ as follows: For g = (go,gi, - ■ ■ ,g n ) € £t and for the homogeneous coordinate 
z = (z : zi : ■ ■ ■ : z n ) on P", the action is given by 

(g,z) i-> (g z Q : ■■■ : g n z n ). 

The quotient P"//x is a weighted projective n-space and denoted by P n (wo, w ) = 
P n (u>o, w\, ■ • • , w n ) where we put w = (wi, • • • , w n ). The usual projective space P™ 
is identified with P™(1, 1, • • • ,1). A weighted hypersurface V is the zero locus of a 
weighted homogeneous polynomial. Such V is said to be transversal if the singular 
locus of V is contained in the singular locus of ¥ n (wo, w), and quasi-smooth if the 
affine cone of V is smooth outside the vertex. 

In this paper, we take the products of quasi-smooth weighted projective hyper- 
surfaces of diagonal type and consider their quotients under the action of finite 
groups. 

Let d be a positive integer such that Wi \ d for every i (0 < i < n) and write 
di := d/wi. The weighted hypersurface, V, defined by the equation 

co4° + cixi 1 +■■■ + c n xi" = {a ^ 0) 

will be called a weighted diagonal hypersurface of degree d in P™(wo,wi, • • • ,w n ). 
V is quasi-smooth if and only if di ^ in k for < i < n. For simplicity, we 
consider the case where the coefficients are cq = c\ = ■ ■ ■ = c n = 1 , namely the 
hypersurface 

x d ° +x d 1 1 +■■■+ 4» = 

(it may be called the weighted Fermat hypersurface of degree d). 

We note that weighted diagonal hypersurfaces of degree d enjoy the same ge- 
ometry as weighted Fermat hypersurfaces of degree d. However, their arithmetic 
properties are different. For instance, when V is a surface over ¥ q or Q, bring- 
ing in non-trivial coefficients c; allows us to construct examples of surfaces with 
particularly small (or large) Picard numbers over ¥ q or Q. 
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Write Q := (wo,wi,- ■ ■ ,w„) and let V be the weighted diagonal hypersurface 
of degree d in P n (Q). V is of dimension n — 1 and its properties are investigated 
by various authors (see, for instance, [5J and [23]). Here we recall its cohomology 
groups. Choose a prime £ different from char(fc). Let H l (V,Qe) denote the i-th 
£-adic etale cohomology group of V over k. If i =/= dim!/ — n — 1, we have 



H\V,Qi) = 



Qi if i is even 
{0} if i is odd 

and for i = n — 1, H n ~ l {V, Q^) is decomposed into a direct sum of one-dimensional 
subspaces as follows: let ifp r 7m(X Q^) denote the primitive part of the cohomology 
Hn-^Qe), namely 

fy x s f ^ (V, Q<) if dim V is odd 

1 ,SU) \V(0)®H^(V,Q e ) if dim V is even 

where F(0) denotes the subspace corresponding to the hyperplane section. Let 

2t«-i(<3) := S a = (a , a%,- ■■ , a„) | a, € (wiZ/dZ), a, ^ 0,^ aj = (mod ef) L 
^ i=o ^ 

Then for over fc, we have a decomposition 

(2-1) fl££(V,Q*)S V» 

aea„-i 

where 

y(a) = {„e fl££(v,(&) I 7 » - Co" d ai • ■•(>, v 7 = (Co,Ci,- • • ,Cn) e r} 

with 

r := i^dg x jidx x • • • x /^/(diagonal elements), 
fid is the group of d-th roots of unity in k and 7* is the automorphism of H™^^ (V, Qi) 
induced by 7. (Here we choose a prime £ satisfying £ = 1 (mod d) so that /Lt^ can 
be embedded into Q>e multiplicatively.) 

For the product of two weighted diagonal hypersurfaces, we have the Kunncth 
formula to compute its cohomology and we find 

(2.2) W{VixV2,Qi)= H^iVuQ^^W-^^i). 

Since H ll (Vi,Qe) and H l2 (V2,Qe) are decomposed into one-dimensional pieces, so 
is H J (V\ x V2, Qe) and each summand takes such a form as V(a) ® V(h). In later 
sections, we look at the case where V\ is a curve and V2 is a surface so that V\ x V2 
is a threefold. 

Let Vi and V2 be weighted diagonal hypersurfaces and write Y := V\ x V2- The 
direct product Ty 1 x Ty 2 acts on Y component-wise. In this paper, we choose a 
subgroup, Ty, of Ty 1 x Ty 2 and consider the quotient variety 

X := Y/T Y . 

Since Ty is a finite abelian group, X has at most abelian quotient singularities. 

The quotient variety X = Y/Ty is usually singular. But if the order of Ty is 
invertible in fc, we can compute the cohomology of X as the Ty-invariant subspace 
of the cohomology of Y. For this, we work over an algebraic closure k of k. Write 
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p := char (fc) and assume (p, $Ty) — 1- We choose a prime £ satisfying I = 1 
(mod d). It is known that the i"-adic etale cohomology satisfies 

(2.3) H\X,Q e ) = W(Y,Q e ) r r 

for every i (0 < i < 2 dim Y). (In fact, the Hochschild-Serre spectral sequence holds 
for Y and the Galois cohomology for a finite group IV vanishes by tensoring with 
Qi. This yields the isomorphism in question.) 

3. Twist maps 

In this section, we recall the method of Hunt and Schimmrigk [13] to construct 
K3 fibered Calabi-Yau threcfolds as quotients of weighted hypersurfaces not neces- 
sarily of diagonal type, using the twist maps. This construction is a generalization 
of the construction Shioda and Katsura |21j for non-singular hypersurfaces in the 
usual projective spaces. We will describe the construction of quotients of weighted 
hypersurfaces by twist maps in any dimension. 

Let V\ and V% be two weighted hypersurfaces defined as follows. 

Vi :={4 + /(£!,••• ,x„)=0}cP n ( Wo ,w) deg(^)=^ 

v 2 :={y e + g(vu ■■■,y m ) = o}c r> , v) d eg (v 2 ) = £v Q 

where w = (wi, • • • , w n ) and v = («!,•■• , v m ) and both / and g are assumed to 
be quasi-smooth, and so are V\ and V 2 . Consider the hypersurface: 

X := {f( Zl , ■■■ ,z n )~ g{tx, ■ ■ ■ ,t m ) = 0} C F l+m - 1 (« w, w v). 
where deg(X) = v w £ = v deg(f) = w deg(g). 

In order to define the twist map we need to assume that gcd(«o, wo) = 1- This 
condition seems to be missing in |13j . If this is the case then fix So,£o £ Z such 
that < so < vq, < to < wo, so^o + 1 = mod vq and toVo + 1 = mod wq. Let 
s = (sqWq + 1)/vq and t — (toVo + l)/u>o. Note that s,t are non-zero integers. 

Definition 3.1. The rational map 

$ : P"(w ,w) x P m (« ,v) — * P n+m ^ 1 («ow,w v) 

{(x ,xi, ■ ■ ■ ,x n ), (y 0) yi, ■ ■ ■ ,y m )) ^ 

( SqW\ tW± SQW n tW n SV± to'Vi SV m t()V nl \ 

\ x Vq x li ' ' ' ) x Vo x ni x o Vq yii' ' ' i x Vo Vm) 

restricted to V\ X V2 is a generically rational finite map onto X. The map $ is 
called the twist map. 

Remark 3.1. In |13j a slightly different definition of the twist map is given, namely 
((x 0) Xi, ■ ■ ■ ,x n ), (2/0,2/1, • • • ,2/m)) i-> 

/ wx/w a w n /w vx/vq v m /v \ 

l2/o ^1, ' ' ' iVq x ni X Q 2/1, ' ' ' , x Vm)- 

If vq or wq is different from 1 then one takes some i>o-th or wo-th roots of xq or 
2/o- It is not directly clear that this map is a rational map, that is, can be given in 
terms of polynomials. In [13] it is then argued that this map is well-defined, but 
no proof is given for the fact that this map is given by polynomials. Below, we 
construct a counterexample to the claim of Hunt and Schimmrigk where the twist 
map is neither a polynomial map nor well-defined. 
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Remark 3.2. The rational map $ can be extend to points with xo = and yo =/= 
as follows 

((0,xi,- • • ,x n ), (2/0,2/1,- ■■ ,y m )) h-> 
(xi,--- ,x„, 0, ••• ,0) 

A similar extension exists for points with xo ^ and ?/o = 0. The map $ is not 
defined at points with xq = yo = 0. 

Remark 3.3. The condition gcd(uo, u>o) = 1 is necessary, both for our definition and 
for the definition in [13j . We give an example for which the twist map, as defined 
in [T3], is not well-defined. 

Take w = v = (2, 1, 1). Let V 1 = {xg + xf + xf} and V 2 = {yl + y\ + ?yf }. The 
twist map of [13] in this case should be the rational map P 2 (2, 1, 1) x P 2 (2, 1, 1) — > 
P 3 (2,2,2,2) = P 3 given by 

(x ,xi,x 2 ) x (2/0,2/1,2/2) 1-* V2/0X2, y/xoyi, v / ^o2/2)- 

This map is not well-defined, since it depends on the choice of y/x y . 

Now we let the group fi £ of £-th roots of unity act on V\ X V2 C P"(u>o,w) x 
P m (uo,v) by 7 S The action is defined as follows. 

Definition 3.2. Assume that gcd(wo, vq, t) = 1. Then the group /i^ acts on Vi x V% 

by 

(7, (x : • • • : x„), (y : ■ • • : 2/m)) ' ^ ((7^0 : xi, • • • : x n ), (72/0 : 2/1," ' • : 2/m))- 
for every 7 S 

The quotient space Vi x V^j \i t is a projective variety and the rational map 
V\ X V% — * X is generically £ : 1. 

lixF 2 *|y!xy 2 
I \ 

x v 2 /^ ► x 

Now we discuss singularities on the varieties V\ x V%/ n t and X. First we know 
that only singularities occurring in ambient weighted projective spaces are cyclic 
quotient singularities. Since / and g are quasi-smooth, so are V\ and V2, and 
they have cyclic quotient singularities all due to the ambient spaces. Further, a 
threefold X is defined by / — g and / and g have no common variable. Hence X is 
also quasi-smooth and it possesses at most cyclic quotient singularities. 

Cyclic quotient singularities are resolved by toroidal resolutions and moreover 
quasi-smooth varieties can be desingularized by applying toroidal resolutions to 
their ambient spaces. An example is that we obtain a resolution of X by restricting 
a resolution of P' i+m ~ 1 (t>ow, wqv) onto X. We note that it is often sufficient to 
take a partial resolution of P" + " l ~ 1 (t>ow, wqv) to desingularize X; we explain this 
in Section [SI 

On the other hand, V\ x V2 and V\ x V2/1X1 are no longer quasi-smooth in most 
cases and they have abelian quotient singularities. As V\ x V^j Hi is birational to X, 
we may work on X (rather than on V\ x V2/ fig) to construct their smooth models 
and discuss their Calabi-Yau properties. 

Let ttx ■ X — > X be a smooth resolution of X. A natural question is When is 
X Calabi Yau? 
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In search of an answer to this question, we will look into the fibrations. Project 
the quotient V\ x V2/ fig (via Vi//4£ X V2/ fit) to the first and the second components, 
respectively. This gives rise to the following two rational fibrations: 

(j>i : X — > Vi/ne an d 4>2 ■ X — > Vz/fJ-i- 
X 

4>i / \4>2 
Vx/m Vi/m 

If 7Tx : X — > X is a smooth resolution, then the composite map <f>\ o 7rx is a 
fibration of X onto V\/ Hi whose generic fibers are copies of resolutions of V2. A 
similar property holds for the fibration (f>2- The situation is illustrated as follows, 
where Yj denotes a smooth resolution ofVi/w- 

X X 

hi 

Vi/nt Y z 

Proposition 3.1. Suppose that X is Calabi-Yau and wq > 1. Write 4>\ := 4>\ oirx 
and let V2 be the generic smooth fiber of <f>\ . Then the rational fibration <f>\ : X — » 
Vi//ie lifts to a genuine fibration X — > Y\ for some smooth resolution Y\ ofVi/ne, 
if and only i/Va is also Calabi-Yau. A similar property holds for <f>2- 

Proof. (Cf. Lemma 3.4 in [T3].) □ 

The upshot of Proposition 13.11 is that it provides a method of constructing 
split-type (product-type) Calabi-Yau varieties. That is, a covering of a product 
is Calabi-Yau if and only if one of the components is Calabi-Yau. 

Proposition 3.2. Let V\, V2 and X be quasi-smooth varieties as before. Then the 
following assertions hold. 

(1) A sufficient condition for V2 to be Calabi-Yau hypersurface is: 

vo + vi H h v m = £v = deg(V 2 ), 

(2) A sufficient condition for X to be Calabi-Yau hypersurface is: 

ra n 
i=l ] = 1 

Proof. (Cf. [5]) The Calabi-Yau (sufficient) condition for a hypersurface in weighted 
projective spaces is that the sum of all weights equal the degree of the variety. □ 

4. Construction of KS-fibered Calabi-Yau threefolds via twist maps 

Now we apply the construction by twist maps to elliptic curves, K3 surfaces, 
and Calabi-Yau threefolds. 

Dimension 1 Calabi-Yau varieties (Elliptic curves): There are three elliptic 
curves in weighted projective spaces, that are of diagonal form. They are given as 
in Table [1] All three elliptic curves have complex multiplication, the first and the 
third by Z[y^3\ and the second by Z[-\/— Tj- 
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# 


Bk 


equation 


1 


Ei 


yt- 




L 2/1 = o c 1 


P 2 (l,l,l) 


2 


E 2 


vi- 


Vyi- 


h yi = c 1 


P 2 (l,l,2) 


3 


E 3 


Vo - 


\-vi- 


h yi = C 1 


^(1,2,3) 



Table 2. K3 surfaces appearing in our construction 



# 




9(C) 


Ei 


i 


{k ,kl,k 2 ,ks) 


d 


1 


(2,1,1) 


4 


E x 


3 


(1,1,2,2) 


6 


2 






E 2 


4 


(1,1,2,4) 


8 


3 






E 3 


6 


(1,1,4,6) 


12 


4 


(3,1,2) 


7 


E 2 


4 


(1,2,3,6) 


12 


5 






E 3 


6 


(1,2,6,9) 


18 


6 


(4,1,3) 


3 


E x 


3 


(1,3,4,4) 


12 


7 






E 3 


6 


(1,3,8,12) 


24 


8 


(5,1,4) 


6 


E 2 


4 


(1,4,5,10) 


20 


9 


(7,1,6) 


15 


E 3 


6 


(1,6,14,21) 


42 


10 


(5,2,3) 


11 


E 3 


6 


(2,3,10,15) 


30 


11 


(11,5,6) 


5 


E 3 


6 


(5,6,22,33) 


66 



Dimension 2 Calabi Yau varieties (K3 surfaces): Let Cr Wo ,wi,w2) S P 2 (wo, Wt, w 2 ) 
be a curve defined by 

C( Wo . Wl . W2 ) := {x e + f(x 1 ,x 2 ) = 0} c P 2 (w Q ,w 1 ,w 2 ) with deg C = £w 

and the group Z/£Z acts on C. Then applying the twist map to C x Ei where i = 1 
(resp. 3) if £ = 3 (resp. 6), and i = 2 if I = 4. Each £Jj has the automorphism 
group Z/tZ. We take the quotient of the product C x Ei under the action of the 
group TLjiTL. Then we get a hypersurface X C P 3 (vqWi, vqw 2 ,wqVi, wqv 2 ) of degree 
d, where (v , v u v 2 ) e {(1, 1, 1), (1, 1, 2), (1, 2, 3)}. 

Proposition 4.1. There are eleven K3 surfaces arising from this construction. 
See Table [2] for the list, where we put (ko,ki,k 2 ,k 3 ) = (vqWi, vqw 2 , wqVi, wov 2 ), 
d = X)^=o ^i- Eor f(xi,x 2 ) and g(yi,y 2 ), we may take, for instance, 

f(x u x 2 )=x«r^+x e r /W2 and g( yi , y 2 ) = -{y* ^ + y? °^)- 
In this case, C( W(uWlyW2 j is covered by the diagonal curve of degree d in P 2 (l, 1, 1). 

Remark 4.1. All K3 surfaces can be realized as orbifolds of diagonal or quasi- 
diagonal hypersurfaces. For instance, #3 may be realized by a diagonal hypersur- 
face z{ 2 + z\ 2 + z| + z\ = 0c P 2 (l, 1,4,6). Similarly #8 may be realized by a 
diagonal hypersurface zf + z\ + z\ + z\ = C P 3 (l, 4, 5, 10). (By Goto [8], Yone- 
mura [22] , there are in total 14 weighted diagonal K3 surfaces obtained as quotients 
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of diagonal hypersurfaces by finite abelian group actions.) The last example jj=ll 
can be realized by the polynomial 

zfz x + zl 1 + z\ + zt = C P 3 (5, 6, 22, 33). 

Goto [9 considered K3 surfaces of the latter kind, the so-called quasi-diagonal K3 
surfaces. 

Dimension 3 Calabi Yau varieties (Calabi Yau threefolds): We now apply 
the twist map to construct if 3-fibered Calabi- Yau threefolds, which are the quo- 
tients of either S x E, where S is a surface and E is an elliptic curve, or C X Y 
where C is a curve and Y is a K3 surface in weighted projective spaces, under the 
action of the group TLfPL. 

(A) Elliptic flbered Calabi— Yau threefolds SxE: Let (wo, w) = (wq, wi,w 2 ,w 3 ) 
be a weight, and consider the surface 

(4-1) S{w ,w u w 2 ,w 3 ) : = i x o + f(xx,x 2 ,x 3 ) = 0} C P 3 (w ,w 1 ,w 2 ,w 3 ) 
of degree £wq. 

Apply the twist map to the product <S l (t O0! to 1 ,to2,to 3 ) x E% where i — 1 (resp. 3) if 
£ = 3 (resp. 6), and i = 2 if £ = 4 onto a threefold of degree = £wq, and for the 
sake of simplicity, we may take 3(2/1,2/2) = — {'Ui' ^ 1 + y 2 ° )• 

A natural question is : What combination of weights (wo, W\, w 2 , w 3 ) and 
(vo,Vi,V2) would give rise to Calabi Yau threefolds? 

We divide our constructions into two cases: 

1° : <%u ,tui,w2,tu3) i s not a surface. 
2°: S( WQWlW2W3 - ) is a if 3 surface. 

Proposition 4.2. Let Ei, i E {1,2,3} be elliptic curves in Table [TJ Suppose that 
S(w ,w 1 ,w 2 ,w 3 ) is not a KS surface. Then there are 14 elliptically but not Ki-fibered 
Calabi-Yau threefolds obtained as quotients of St Wo>Wl>W2tW3 ) x Ei. Here we put 

(k , fci, k 2 ,k 3 , fc 4 ) = (v()Wi, v w 2 , v w 3 , w vi,w v 2 ) and d — Yli=o We ma y <a ^ e > 
for instance, 

pi \ iw a /wt Iw-l/wq £w /w 3 

f{Xi,X 2 ,X 3 ) = x 1 + x 2 +x 3 . 

With this choice, Sr Wo<WltW2tW3 -\ is a weighted diagonal surface, though not K3. 

The next proposition gives examples of elliptically and if 3-fibered Calabi-Yau 
threefolds, which generalize the construction of Livne-Yui |18j . 

Proposition 4.3. Let Ei(i E {1,2,3}) be elliptic curves in Table [TJ and let 
S( Wo ,w 1 ,w2,w 3 ) be a K3 surface. Then there are 23 elliptically fibered Calabi-Yau 
threefolds obtained as quotients of S( Wo ,w lt w2,w s ) x Ei where i E {1, 2, 3}, which have 
also K3-fibrations are tabulated in Tabled Here we put again (fco, ki, k 2 , k 3 , k^) = 
(v w 1 ,v w 2 ,vow 3 ,w v 1 ,w v 2 ) and d = J2i=o k i- 

For the polynomials f(xi,x 2 ,x 3 ) and g{yi,y 2 ), we may take 

f{x u x 2 ,x 3 ) = x e r /wi +x e r^+4 W0/w3 , g( yi ,y 2 ) = -(yf^+y^y 

In this case, Sr WQtWltW2tW3 -) is covered by the diagonal surface of degree d mP (1, 1, 1, 1). 
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Table 3. Elliptic but not if3-fibered Calabi-Yau threefolds 
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41 
ir 






£ 




d 


h 1 ' 1 


K 1 - 1 


"V 
A 


1 


(5 1 1 D 


j^i 


3 


fl 1 3 5 51 


15 


7 


103 


— 192 


2 




£3 


6 


(1,1,3,10,15) 


30 


5 


251 


— 492 


3 


(5,1,1,2) 


E 2 


4 


(1,2,2,5,10) 


20 


6 


242 


-228 


4 




E 3 


6 


(1,2,2,10,15) 


30 


4 


208 


-408 


5 


(7,1,2,4) 


E 2 


4 


(1,2,4,7,14) 


28 


8 


116 


-216 


6 


(7,1,3,3) 


Ei 


3 


(1,3,3,7, 7) 


21 


17 


65 


-96 


7 




E 3 


6 


(1,3,3,14,21) 


42 


6 


180 


-348 


8 


(7,2,2,3) 


E 3 


6 


(2,2,3,14,21) 


42 


7 


151 


-288 


9 


(9,1,4,4) 


E 2 


4 


(1,4,4,9,18) 


36 


19 


91 


-144 


10 


(10,2,3,5) 


Ei 


3 


(2,3,5,10,10) 


30 


12 


48 


-108 


11 




E 3 


6 


(2,3,5,20,30) 


60 


10 


106 


-192 


12 


(10,1,3,6) 


Ei 


3 


(1,3,6,10,10) 


30 


19 


67 


-96 


13 




E 3 


6 


(1,3,6,20,30) 


60 


10 


178 


-336 


14 


(13,1,6,6) 


E 3 


6 


(1,6,6,26,39) 


78 


23 


143 


-240 


Table 4. Elliptically and K3 fibered Calabi-Yau threefolds 


# 


{w ,w 1 ,w 2 ,w 3 ) 


Ei 


£ 


{ko,ki,k2,k 3 ,ki) 


d 


X 


K3 


— fiber 


1 


(3,1,1,1) 


Ei 


3 


(1,1,1,3,3) 


9 


-216 


(1, 


1,1,3) 


2 




Ei 


4 


(1,1,1,3,6) 


12 


-324 






3 




E 3 


6 


(1,1,1,6,9) 


18 


-540 






4 


(4,1,1,2) 


Ei 


3 


(1,1,2,4,4) 


12 


-192 


(1,1,2,4) 


5 




E 2 


4 


(1,1,2,4,8) 


16 


-288 






6 




E 3 


6 


(1,1,2,8,12) 


24 


-480 






7 


(6,1,1,4) 


E 2 


4 


(1,1,4,6,12) 


24 


-312 


(1,1,4,6) 


8 




E 3 


6 


(1,1,4,12,18) 


36 


-528 






9 


(6,1,2,3) 


Ei 


3 


(1,2,3,6,6) 


18 


-144 


(1,2,3,6) 


10 




E 2 


4 


(1,2,3,6,12) 


24 


-480 






11 




E 3 


6 


(1,2,3,12,18) 


36 


-360 






12 


(8,1,1,6) 


Ei 


3 


(1,1,6,8,8) 


24 


-240 


(1,3,4,4) 


13 




E 3 


6 


(1,1,6,16,24) 


48 


-624 






14 


(8,1,3,4) 


E 3 


6 


(1,3,4,16,24) 


48 


-312 


(1,1,4,6) 


15 


(8,2,3,3) 


E 3 


6 


(2,3,3,16,24) 


48 


-240 


(1,3,8,12) 


16 


(9,1,2,6) 


E 2 


4 


(1,2,6,9,18) 


36 


-228 


(1,2,6,9) 


17 




E 3 


6 


(1,2,6,18,27) 


54 


-408 






18 


(9,2,3,4) 


E 2 


4 


(2,3,4,9,18) 


36 


-120 


(1,2,3,6) 


19 


(10,1,1,8) 


E 2 


4 


(1,1,8,10,20) 


40 


-432 


(1,4,5,10) 


20 


(10,3,3,4) 


E 3 


6 


(3,3,4,20,30) 


60 


-192 


(2,3,10,15) 


21 


(12,1,2,9) 


Ei 


3 


(1,2,9,12,12) 


36 


-168 


(1, 


3,4,4) 


22 




E 3 


6 


(1,2,9,24,36) 


72 


-240 






23 


(14,1,1,12) 


E 3 


6 


(1,1,12,28,42) 


84 


-960 


(1,6,14,21) 
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Table 5. Calabi-Yau threefolds with fiber E 3 and positive Euler characteristic 



# 


(w ,wi,w 2 ,w 3 ) 


(k ,k ll k 2 ,k 3 ,k4) 


d 




h*' 1 


X 


24 


(581,41,42,498) 


(41,42,498,1162,1743) 


3486 


491 


11 


960 


25 


(498,36,41,421) 


(36,41,421,996,1494) 


2988 


491 


11 


960 


26 


(539,36,41,462) 


(36,41,462,1078,1617) 


3234 


462 


12 


900 


27 


(463,31,41,391) 


(31,41,391,926,1389) 


2778 


462 


12 


900 


28 


(433,31,36,366) 


(31,36,366,866,1299) 


2598 


433 


13 


840 


29 


(414,24,41,349) 


(24,41,349,828,1242) 


2484 


416 


14 


804 


30 


(385,28,31,326) 


(28,31,326,770,1155) 


2310 


387 


15 


744 


31 


(372,18,41,313) 


(18,41,313,744,1116) 


2232 


377 


17 


720 



Remark 4.2. With our choice of the polynomials f(xi, X2, X3) and 5(2/1,2/2), all 
Calabi-Yau threefolds constructed in Propositions 5.2 and 5.3 can also be realized 
as orbifolds of diagonal hypersurfaces defined by the equation: 

V : x% + xf + x d 2 + x d 3 + xt = C P 4 

of degree d. Take a finite abelian group fi = fj, k x ■ • • x ft k , where fi k . = 
Spec(Q[T]/(T fei — 1). Now we impose the condition that each ki divides d. Then 
fj, acts on V component-wise. Then a smooth resolution of the quotient V/fi is 
a Calabi-Yau threefold in the weighted projective space P 4 (fc , hi, k 2 , k 3 , ki) only 
when d — ko + ki + ■ ■ ■ + k±. This construction was carried out in Yui [23j . 

With different choices of homogeneous polynomials f(x±,X2,Xs) and 5(2/1,2/2), 
we may obtain more defining equations for these Calabi-Yau hypersurfaces. 

Next we list Calabi-Yau threefolds with elliptic fibrations that are not realized 
as orbifolds of diagonal hypersurfaces. 

Proposition 4.4. Take the product S( W0jWljW2jW3 -\ x E3, where Sr WOtWltW2tW3 ) is 
defined in and E 3 is the elliptic curve defined in Table [TJ Consider the image 

of the twist map 

¥ 3 {w (h w 1 ,w 2l w 3 ) x P 2 (l,2,3) ^¥ 4 (w ll w 2l w 3 ,2w ,3w ) 

Examples of elliptic fibered Calabi-Yau threefolds with constant fiber modulus E 3 
with positive Euler characteristic are listed in Table 

Remark 4.3. The examples listed in Table 5 are not realizable as orbifolds of di- 
agonal hypersurfaces. These provide examples of Calabi-Yau threefolds with large 
positive Euler characteristics. In fact, it realizes the largest positive Euler charac- 
teristic 960 known today for Calabi-Yau threefolds. 

Proof. (Propositions 14.2 1 14.31 and 14.41 ) We test the sufficient condition in Proposi- 
tion !3.2l (2) for the product S W0:Wl:W2:W3 X E% (i = 1,2,3) to be Calabi-Yau. □ 

(B) K3 fibered Calabi-Yau threefolds C x Y: Now we construct Calabi-Yau 
threefolds with K 3- fibrations. 

Let Yi be one of the eleven K3 surfaces constructed in Table [H where i corre- 
sponds to the number in Tabled Pick i, and let (ko, k\,k 2 , k 2 ) be a weight, and 
d = ko + ki + k 2 + k 3 = £wq. If i ^ 11, for each i, Yi is defined by 
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Yi : {y d /ko + yf /kl + y d 2 /k2 + y d/k3 = 0} c P(fc , k u k 2 , k 3 ) 
We consider the product C/ W0tW1 , W2 ) x Yi where C( W0 W1W2 ) is not an elliptic 
curve. Suppose that Z/£Z is a subgroup of the automorphism group Aut(li). 
Here is a typical example. Let 



Yi : 


= {yU 


■yf + 


2/1 + 


2/1 = 


0} C P 


3 (1, 1,2, 2) with £ = 6 


y 4 : 


- {yl 2 


fy?- 




r-tfl = 


= 0} C I 


P 3 (l, 2, 3, 6) with 1=12 


Y 6 : 


= {yl 8 - 


fyf- 


\-v%- 


H/3 = 


= 0} C I 


P 3 (l,2,6,9) with £=18 


Yg : 


= {yf - 


fyl- 


h s/l - 


H»3 = 


= 0} C I 


P 3 (l,6,14,21) with £ = 42 


Y w : 


= {yo 5 - 


fyi 


+ 2/1 


+ vl 


= 0}C 


P 3 (2,3, 10, 15) with £=15 



For a = 11, the K3 surface Yu is given by 

Y u ■= {vl 2 vi + vl 1 + vl + vl - 0} C P 3 (5, 6, 22, 33) with I = 12 

We will determine the lattice structures of the above K3 surfaces in a later 
section. 

Remark 4.4. Among the K3 surfaces listed above, we know at least that Yg has a 
unimodular lattice; i.e., the Picard lattices (which coincide with the Neron-Severi 
groups for KZ surfaces) of the minimal resolutions of them are unimodular. See 

Proposition 4.5. Take the product C/ V0tVl<V2 \ x Yi where Ct VOtVliV2 \ C P 2 (i>o, Vl, v 2 ) 
is a curve and Y{ (i G {1, 2, • • • , 10}) is a K3 surface. Then Table [5] gives exam- 
ples of KZ-fibered Calabi-Yau threefolds obtained by the twist map. Here we put 
(ko, ki, k 2 , k 3 , fc 4 ) = (v u} 1 ,vow 2 ,vow 3 ,w vi,wov 2 ) and d = J2i=o^i- {Under the 
Remark, Calabi-Yau threefolds labeled "new" are those not found in the CYdata of 
Kreuzer and Skarke |17j.) 

Proof. We test the sufficient condition that iwovo = vq Y^=i w i + w o Y^=i v j where 
(wq, w±,w 2 , W3) is a weight for the KZ surface Yi for z = 1,4, 6, 9, 10. □ 

Now we consider a particular K3 surface. Let S be a quasi-diagonal surface in 
P 3 (5, 6, 22, 33) of degree 66 defined by the equation 

vl 2 yi + vl 1 + vl + 2/3=0. 

This is the K3 surface #11 in Table 2. We consider the product S x Ei with 
2 = 1,2, 3. Let (yo ■ 2/1 ■ y 2 ■ J/3) and (xq : X\ : x 2 ) be the projective coordinates for 
S and Ei, respectively. The split map requires that the first variables xq and yo 
of S and Ei, respectively, should have the same degree £. As elliptic curves Ei are 
defined by diagonal equations, and possible degrees for xq are 2,3,4 and 6. Hence 
to meet the degree condition for S and E, wo should be either 22 or 33 and S be 
defined by the equation 

Si: 2/o + v\ 2 V2 + vl 1 + vl = CP 3 (22,5,6,33) 

or 

S2: Vo + V\ 2 V2 + yl 1 + vl = CP 3 (33,5,6,22). 
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Table 6. Examples of i^3-fibered Calabi-Yau threefolds 



W 


(t>0, Vl, V2) 


V 
li 





(/CO, «i, «2, /C4J 


a 


X 


Remark 


-i 
l 


(2,M) 


\ - 

ji 





(1, 1,2,4,4) 


1 
lz 


1 no 
— 192 




o 
z 




^4 


lz 


f 1 1 /I £ 1 9^ 


0/1 
z4 


Q1 O 

— olz 




q 
O 






18 


U, I, 4 , 12, 18) 


oD 


COO 

— OzS 




4 






A O 

4z 


(1,1,12,28,42) 


Q /I 

84 


— you 




cr 



(3,2, 1) 


v 

11 





(1,3,3,0,0) 


1 Q 
18 


14/1 
— 144 









^4 


lz 


(i, 2, 0, y, i8j 


OD 


OOQ 

— ZZ8 




7 
1 




v 
*6 


18 


U, 2, 8, 18, 27J 


04 


a HQ 
— 4U8 




8 




Y 9 


42 


(1,2,18,42,63) 


126 


-720 




9 




Y w 


15 


(2,4,9,30,45) 


90 




new 


10 


(4,1,3) 


Yi 


6 


(1,3,4,8,8) 


24 


-120 




11 




Y 9 


42 


(1,3,24,56,84) 


168 


-624 




12 


(5,1,4) 


Y A 


12 


(1,4,10,15,30) 


60 


-168 




13 


(5,1,4) 


Y 6 


18 


(1,4,10,30,45) 


90 




new 


14 




Y w 


15 


(2,8,15,50,75) 


150 




new 


15 


(7,1,6) 


Y 6 


18 


(1,6,14,42,63) 


126 


-720 




16 




Y 9 


42 


(1,6,42,98,147) 


294 


-480 




17 




Y w 


15 


(2,12,21,70,105) 


210 


-384 




18 


(5,2,3) 


*1 


6 


(2,3,5,10,10) 


30 


-72 




19 




Y 6 


18 


(2,3,10,30,45) 


90 


-216 




20 




Y 9 


42 


(2,3,30,70,105) 


210 


-384 





Then the following four pairs satisfy the degree condition: 

5ix£i c P 3 (22,5,6,33) x P 2 (l,l,l) 

Six£ 3 c P 3 (22,5,6,33) x P 2 (2,l,3) 

S 2 xE 2 C P 3 (33,5,6,22) x P 2 (2,l,l) 

S 2 xE 3 c P 3 (33,5,6,22) x P 2 (3,l,2) 

Among these four cases, only the third and fourth cases actually yield Calabi-Yau 
threefolds as explained below: 

(i) The third case S 2 x E 2 

P 3 (33,5,6,22) P 2 (2,l,l) 

{yl + y\ 2 V2 + yl 1 + vl = 0} x {a; 2 + xf + x\ = 0} 

where we have I = 2, wo = 33 and v n — 2. The threefold obtained by the twist map 
from S2 x E 2 is 

y\ 2 V2 + vl 1 +vl + x\+x\ = Q C P 4 (10, 12, 44, 33, 33) 

of degree 132. As this threefold is quasi-smooth and 10 + 12 + 44 + 33 + 33 = 132, 
it is a Calabi-Yau threefold. 

(ii) The 4th case S 2 x E 3 

P 3 (33,5,6,22) P 2 (3,l,2) 

{vl + v\ 2 V2 + vl 1 + yl = 0} x {xl + x\ + xl = {)} 



ZETA-FUNCTIONS OF CERTAIN K3 FIBERED CALABI-YAU THREEFOLDS 15 

where we have £ = 2, wo = 33 and vq = 3. The threefold obtained by the twist map 
from 52 x £3 is 

v\ 2 V2 + vl 1 + yl + x\ + x\ = c P 4 (15, 18, 66, 33, 66) 

of degree 198. Further, the weight can be reduced to P 4 (5, 6, 22, 11, 22), so that the 
threefold has degree 198/3 = 66 in P 4 (5, 6, 22, 11, 22), and 5 + 6 + 22 + 11 + 22 = 66. 
Hence this is a Calabi-Yau threefold. 

Slightly changing the order of weights, we summarize the above observation as 
follows. 

Proposition 4.6. Let S 2 : vl + y\ 2 y 2 + 3/2 1 + vl = C P 3 (33, 5, 6, 22) be a quasi- 
diagonal K3 surface. Then the products S 2 x E 2 and S 2 x £3 give rise to Calabi-Yau 
threefolds by the twist map. They are 

zfz x + zl 1 + z\ + z\ + z\ = C P 4 (10, 12, 33, 33, 44) 
zfz x + zl 1 + z\ + 4 + zl = C P 4 (5, 6, 11, 22, 22) 

5. Singularities 

In this section, we describe the singularities of our Calabi-Yau threefolds. They 
are deformations of weighted diagonal hypersurfaces or quasi-diagonal hypersur- 
faces of such forms as 

z do + zf 1 + z 2 d2 + zf + zt - \zl°zf - (f>z?zf*z? - 

or 

zfrz! + zi 1 + z^ 2 + zf + zf - \zqz x z 2 z z z± = 

in P 4 (wo, W\, w 2 , W3, Wi), where A and <j> are deformation parameters. We choose the 
cases where they become quasi-smooth and transversal so that all the singularities 
are coming from the ambient space P 4 (Q). This means that the deformations have 
little effects on the determination of singular loci and local descriptions of individual 
singularities. 

Let X be a quasi-smooth transversal threefold in P 4 (Q). We have 

SingpO =XnSing(P 4 (Q)) 
= {(z ■.■■■:z 4 )eX\ gcd( Wl \zi^0)> 2}. 

As P 4 (Q) has only cyclic quotient singularities, so does X. Since Q is reduced, 
every quadruplet of {wo, w\, w 2 , W3, W4} are coprime, and so we start looking for 
triplets having gcd > 2. Following is a procedure to determine the singular loci of 
X. 

(1) Find a triplet (uii,Wj,Wk) of weights with gcd(z«i, Wj, u>k) > 2. Letting Zi, 
Zj and Zk be non-zero and other two coordinates be 0, we obtain singularities 
that form a singular locus of dimension 1 onX. 

(2) Find a pair (u!i,Wj) of weights with gcd(u>j, Wj) > 2. Letting Zi and Zj 
be non-zero and other three coordinates be 0, we obtain singular loci of 
dimension on X. (It is often the case that 0-dimensional singularities are 
on the intersection of two one-dimensional singular loci.) 

(3) Find a weight Wi that is greater than 1. Letting Zj ^ and other four 
coordinates be 0, we obtain an isolated singularity on X. (This type of 
isolated singularities exist only on quasi-diagonal hypersurfaces at (1 : : 
0:0:0) and this point is a singularity if and only if w > 2.) 
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(4) Once we know the singular loci of X, we consider the group actions around 
them to determine their singularities. Since each of them is a cyclic quotient 
singularity, we can describe it locally by the quotient of some afhne space 
by a cyclic group action. Specifically, we proceed as follows. 

For every singularity other than (1:0:0:0:0), the zero coordinates 
around the point give a (part of) local coordinate system for the covering 
affine space; for the singularity at (1 : : : : 0), (z 2 , z 3 , Z4) gives a local 
coordinate system. Then by changing the coordinates if necessary, we can 
write the cyclic group action as follows: around a 1-dimensional singularity, 
it can be written as 

{x,y,z) 1 — ► ((x,( a y,z) 

and around a 0-dimensional singularity including (1 : : : : 0), it 
appears as 

(x,y,z)^(C 1 x,C 2 y,C 3 z) 

where £ ranges over the cyclic group /i m of some order to with gcd(a, to) = 
gcd(ai, 02, 03) = 1. In what follows, we use A 3 / \i m to denote the singularity 
above defined locally by the group action fi m . 

Lemma 5.1. Let X be a deformation of a diagonal or quasi-diagonal hypersurface 
in P 4 (Q). Let (x,y,z) > — ► ((x,( a y,z) and (x,y,z) > — ► (( ai x, ( a2 y, ( a3 z) be the 
group actions described above. Assume that X is Calabi-Yau. Then 

1 + a = a\ + a 2 + a 3 = (mod to). 

Proof. We choose the case Z3Z4 ^ with gcd(w 3 ,w 4 ) — m > 2. (Other cases can 
be discussed similarly.) Then (z , z\, z 2 ) gives a local coordinate system on which 
the group action is 

(z ,z 1 ,z 2 )^(r° x ,<: wi y,c W2 z) 

where £ ranges over fj, m . Since X is Calabi-Yau, the weight satisfies w + w\ + W2 + 
W3 + W4 = d, where d is the degree of X. Also, as X is of diagonal or quasi-diagonal 
type, wz I d. Hence to | d and we have wo + w\ + w 2 = (mod to). □ 

Remark 5.1. The majority of diagonal hypersurfaccs do not have isolated singular- 
ities. Those having isolated singularities arc, for instance, diagonal hypersurfaccs 
in P 4 (l,3,4,4, 12), P 4 (l,6,7,7,21) etc. In case of P 4 (l, 3, 4, 4, 12), the diagonal 
hypersurface is defined by 

zf + 4 + 4 + z $ + zl = o. 

It has a 1-dimensional singular locus z = z\ — and two isolated singular points 
(0:1:0:0: ±\/~^T). Note that the latter points arc not on the 1-dimensional 
locus. 

Lemma 5.2. Let X be a deformation of a diagonal hypersurface and P be a 0- 
dimensional singularity on X . Then for a suitable choice of a and b, the group 
action above P can be written as 

( Xl y,z)^(Cx,CyX b z) 

with C G Mm • 
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Proof. For example, assume gcd(w3,W4) = to > 2. Then (zo,zi,z 2 ) can be chosen 
as a local coordinate system and P is isomorphic to the singularity at the origin of 
the quotient of A 3 by the action 

where ( € /i m - Since weight Q — (100,^1,^2,^3,^4) is reduced, gcd(u>o,TO,), 
gcd(wi,m) and gcd(u>2,TO,) are relatively prime in pairs. Hence to is divisible by 
the product gcd(w , to) gcd(wi, to) gcd(w 2 > to). If gcd(w i; TO) > 2 for < i < 2, 
then to has at least 3 distinct prime divisors. But a case-by-case analysis shows 
that this never happens for diagonal hypersurfaces (and hence for their deformations 
either). □ 

All Calabi-Yau threefolds we consider in this paper, such as those constructed in 
Proposition ^. 21 and Proposition 14.31 are quasi-smooth. Hence the above procedure 
can be applied to find their singular loci and local group actions. We illustrate this 
with three examples. Other cases can be treated similarly. 

Example 5.3. (Diagonal type) We consider a Calabi-Yau threefold in #9 of Propo- 
sition [473] defined by a diagonal hypersurface: 

X : zl 8 + zf + z% + zl + z 3 4 = C P 4 (l,2,3,6,6) 

of degree 18. It has 2 one-dimensional singular loci: 

E : (zo = Z! = 0), z% + z\ + zf = c P 2 (3, 6, 6) 
E' : (z = z 2 = 0), z\ + zl + z\ = C P 2 (2, 6, 6). 

By normalizing the weight as 

P 2 (3, 6, 6) S P 2 (l, 2, 2) = P 2 and P 2 (2, 6, 6) ^ P 2 (l, 3, 3) ^ P 2 

respectively, we see that these curves are isomorphic to 

E : zl + zl + z\ = and E : zf + z\ + z\ = 

in P 2 . Hence they are isomorphic to the elliptic curve E\ over Q defined in Table 
[T] E and E meet at 3 points Pi = (0 : : : 1 : — w l ), where ui is a primitive 
cube root of unity in C and i = 1,2, 3. The group action around each singularity is 
described as follows. 

(i) Singularities on E \ {Pi,P2,-P3} are described locally as A 3 //Z3, where the ^3- 
action is 

(x,y,z) 1 — > (Qzx^lyrz)- 

(ii) Singularities on E \ {P\, P 2 , P3} are given by A 3 //i 2 , where the /^-action is 

(x,y,z) 1 — ► (-x,-y,z). 

(iii) The singularity at Pi is given by A 3 //Z6, where acts as 

(x,y,z) 1 — ► (Ce^Ce^CeM- 

Example 5.4. (Quasi-diagonal type) We consider the second Calabi-Yau threefold 
of Proposition [476j 

z^Z! + zj 1 + z% + zl + zf = C P 4 (5, 6, 11, 22, 22) 

having degree 66. There arc 2 onc-dimensional singular loci: 

E : (z = zi = 0), z% + zf + z| = C P 2 (ll, 22, 22) 
C : (z = z 2 = 0), zi 1 + z 3 + zf = C P 2 (6, 22, 22). 
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By normalizing the weight as 

P 2 (ll, 22, 22) = P 2 (l, 2, 2) = P 2 and P 2 (6, 22, 22) = P 2 (3, 11, 11) ^ P 2 (3, 1, 1) 

respectively, we see that these curves are isomorphic to 

E: zf + zf + zf = CP 2 and C : Z\ + z\ + z\ = cP 2 (3,l,l). 

E is an elliptic curve over Q isomorphic to E\ defined in Tableland C is a rational 
curve over Q. C and E meet at 3 points Pi = (0 : : : 1 : — co 1 ), where u> is a 
primitive cube root of unity in C and i = 1,2,3. The group action around each 
singularity is described as follows. 

(i) Singularities on E \ {Pi, P2, P3} are given by A 3 /fin, where the /in-action is 

(x,y,z) 1 — > ((nx,Cliy,z). 

(ii) Singularities on C \ {Pi, P2, P3} are described locally as A? / fi 2 , where the fi 2 - 
action is 

(x,y,z) 1 — ► (-x,-y,z). 

(iii) The singularity at Pi is given by A 3 //i22, where ^22 acts as 

(X,y,z) I > (C 22 X,C 22 y,C 2 2 Z )- 

In addition to these singularities, we now have an isolated singularity, namely 
P4 = (1 : : : : 0). Since zo = 1 7^ 0, neither singular locus above contains this 
point. 

(iv) Locally, P4 is given by taking the quotient of A 3 by a /^-action 

(Z 2 , Z 3 , Z 4 ) I > (( 5 Z 2 , Ci*3, C| Z 4) 

where £ ranges over fi^. This quotient has an isolated singularity at the origin. 

Example 5.5. (Quasi-diagonal type) We look at another quasi-diagonal hypersurface 
which has a genus- two curve as a singular locus. Consider a Calabi-Yau threefold 
defined by 

zl 2 zi + zl 1 + z 2 i + z% + zl = C P 4 (10, 12, 33, 33, 44) 

of degree 132. There are 3 one-dimensional singular loci: 

Ci : (z = zi = 0), 4 + zl + zl = C P 2 (33, 33, 44) 
C 2 : (zo = z i = 0), zl 1 + zf + z\ = C P 2 (12, 33, 33) 
C 3 : {z 2 = z 3 = 0), zfzi + zl 1 + z| = C P 2 (10, 12,44) 

These curves are isomorphic to 

Ci : z| + z| + z 4 = CP 2 (1,1,4) 
C 2 : zi + z\ + zl = CP 2 (4,1,1) 
C 3 : zgzi + zl 1 + zl = C P 2 (5, 3, 11). 

Ci and C2 are rational curves and C 3 is a curve of genus 2. Ci and C 2 meet at 
four points Pj = (0 : : 1 : Cs* 1 : 0)) where (s is a primitive 8th root of unity in C 
and i = 1,2,3,4. 

In addition to these singularities, there is a zero-dimensional singularity P5 = 
(1:0:0:0:0). This point is on C3. The group action around each singularity is 
described as follows. 

(i) Singularities on Ci \ {Pi, ■ ■ ■ , P4} are locally given by A 3 /fin, where the En- 
action is 

(x,y,z) 1 — > ((nx,Cliy,z). 
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Figure 1 . Singular loci of Example 15.51 

(ii) Singularities on C2 \ {-Pi, • ■ ■ , P4} are given by A 3 //j, 3 , where the /^-action is 

(x,y,z) 1 — > {( z xXlv,z). 

(iii) For 1 < i < 4, the singularity at Pi is given by A 3 /fi 33 , where ^33 acts as 

(x, y, z) 1 — ► (C33Z, Cllv, Cllz). 

(iv) Singularities on C3 \ {P5} are described as A 3 /^t 2 > where the /j^-action is 

(x,y,z) 1 — ► (-a:,-y,z). 

(v) Finally, P5 is given by taking the quotient of A 3 by a /iio-action 

(z 2 , Z 3 , 24) 1 ► (Cl0^2, Cl0^3, ClO z 4) 

where £ ranges over /zio- This quotient has an isolated singularity at the origin. 

6. Resolution of singularities 

We describe resolution of singularities for our Calabi-Yau threefolds. For simplic- 
ity, we use hypersurfaces of diagonal and quasi-diagonal types to illustrate concrete 
resolutions; the cases with deformations can be treated similarly. 

Our threefolds X are quasi-smooth and transversal in ¥ 4 (Q). This implies that 
their singularities are attributed to the ambient space and they can be resolved 
by applying toroidal desingularizations to ¥ 4 (Q). We note, however, that we do 
not usually employ a full desingularization of P 4 (Q). Rather, we use a partial 
desingularization of it so that only the singular loci passing through X can be 
resolved. First we discuss the field of definition for a resolution of X. 

Proposition 6.1. Let X be a quasi-smooth hypersurface in P 4 (Q) over k. Then 
there exists a toroidal resolution X of X defined over k. Furthermore if X has a 
trivial dualizing sheaf, then there exists a crepant resolution X of X such that X is 
a Calabi-Yau threefolds overk. 

Proof. Since X is quasi-smooth, all the singularities are due to the ambient space. 
Let t : P 4 (Q) — > P 4 (Q) be a composite of several toric blow-ups, where P 4 (Q) may 
be still singular. Denote by X T the strict transform of X. Then X T is non-singular 
if it has no intersection with singular loci of P 4 (Q). To show the existence of a 
crepant resolution over k, it suffices to prove the existence of such P 4 (Q) over k. 
We do this in three steps. 

Step 1: Every toric blow-up of P 4 (Q) can be defined over k. 

In fact, since P 4 ((J) is a toric variety, it is constructed by glueing together affinc 
toric varieties U a = Speci? CT , where a is a fan and R a is a finitely generated 
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polynomial algebra over k, namely R a — k[x\, X2, X3, x^ for some group action 
fj, and free variables xi, ■ ■ • £4. A toric blow-up is a morphism corresponding to a 
subdivision of a fan and this can be realized over k (i.e. new rings R a are also 
finitely generated over k). Hence toric blow-ups are denned over k and so is a 
composite of them. 

Step 2: A toric resolution (which may be singular) of P 4 (Q) gives a smooth 
resolution of A over k. 

For this, we express P 4 (Q) as a collection of U a = Speci?^ according as xi 7^ 
for some i. Here every singular locus of U„ is defined over k. Then we apply toroidal 
desingularizations (i.e. toric blow-ups) only to the sheets U a and along the singular 
loci that intersect A. In other words, we resolve only singularities of P 4 (Q) which 
give rise to the sing ularities of X. By Step 1, this resolution t : P 4 (Q) — ► P 4 (Q) 
is defined over k and r _1 (Sing(P 4 (Q)) n X) is no longer singular on P 4 (Q). Hence 
the strict transform X of X is smooth and defined over k. 

Step 3: There exists a crepant resolution of X when lux — Ox- 

Indeed, if X has a trivial dualizing sheaf, then one knows that its crepant res- 
olution can be obtained by applying toric blow-ups on X locally. Our procedure 
above is a composite of toric blow-ups applied to the ambient space P 4 (Q) and by 
restricting them to A, we obtain the same toric blow-ups on A. Therefore A is a 
crepant resolution of A, which is Calabi-Yau and defined over k. □ 

Corollary 6.2. Let K be a number field and p a prime of K . Let X be a quasi- 
smooth hypersurface in P 4 (u>o, • • • , W4) over K . Assume that p \ Wi for < i < 4 
and the reduction A p := A mod p is quasi-smooth over Ox/p- Then the toric 
resolution t : X — ► A of Proposition 16.11 commutes with the mod-p reduction 
map, i.e. X mod p = A p . 

Proof. Since no lOj is divisible by p, P 4 (Q) p := P 4 (Q) mod p is a weighted projective 
4-space over F := Ok/P having at most cyclic quotient singularities. As every toric 
blow-up can be defined over K or F, we may apply the same blow-up to P 4 (Q) 
and P 4 (Q)p, and find P 4 (Q) P = P 4 (Q) mod p. Hence the following diagram is 
commutative, where the vertical arrows are mod-p reductions and horizontal arrows 
are toroidal desingularizations: 

P 4 (Q) ^- P*(Q) 

i _l 
p 4 (Q) p — p 4 (Q)p 

Now A and A p are assumed to be quasi-smooth, so that their singularities are all 
coming from the ambient spaces. By restricting the above diagram on A or A p , we 
obtain a similar commutative diagram for them. Therefore A mod p is isomorphic 
to Ap. □ 

Our thrccfolds A have only cyclic quotient singularities and their resolution can 
be described by toric geometry. In principle, we apply toroidal desingularizations 
to the ambient space. But, the necessary desingularizations are determined by local 
data of singularities of A. Following is a general procedure for doing this. 

(1) A 1-dimensional singular locus arising in the quotient by the action 

(x,y,z) 1 — ► ((x,Cy,z) 
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FIGURE 2. Exceptional divisors from a curve singularity 

is similar to a cyclic quotient singularity of a surface. It can be resolved by 
successive blow-ups. 

(2) A O-dimensional singularity described locally by the action (x, y, z) i — > 
(C ai x , C a2 y , C a3 z ) can be resolved by subdividing the cone generated by 
four vectors. A typical case is that a\ = 1 where the action is 

(x,y,z)^ ((x,CyX b z) 

with ( e [i m . Since X is Calabi-Yau, we find 1 + a + b = (mod to). In 
this case, we draw a triangle in R 3 with vertices 

A(0, 1,0), B(0, 0, 1) and C(m, -a, -b). 

Then the subdivision of the cone is equivalent to finding lattice points in 
or on the triangle ABC. 

(3) The lattice points on the side AC or BC (aside from the vertices) cor- 
respond to the exceptional divisors arising from a 1-dimensional singular 
locus. Each point represents a ruled surface CxP 1 . 

(4) The lattice points on the interior of ABC correspond to the exceptional 
divisors arising from a O-dimensional singularity. Each point represents a 
projective plane P 2 . 

Remark 6.1. In many cases, we find 0-dimcnsional singularities in the intersection 
of two 1-dimcnsional singular loci or as singularities of a 1-dimensional singular 
locus. When we resolve such O-dimensional singularities, we can simultaneously 
obtain the resolution picture for the 1-dimensional singular loci containing them 
(see examples below). 

To compute the zeta-function of X or its resolution, it is important to find the 
field of definition for each exceptional divisor. The following lemma describes it for 
our choice of X. 

Lemma 6.3. Let X be a weighted diagonal hyper surface or a weighted quasi- 
diagonal hypersurface over Q. Let X — > X be a crepant resolution of X . Then X 
is defined over Q and the following assertions hold. 

(a) Lf C denotes a 1-dimensional singular locus of X , then the chain of ruled 
surfaces arising in the resolution of C can be defined over Q. 

(6) If P is a O-dimensional singularity of X, then the projective planes arising 
in the resolution of P can be defined over a cyclotomic field Q(C2m), where ( 2m is 
a primitive 2m-th root of unity determined as follows: if P = (1 : : : : 0), then 
to = 1 (i.e. Q(C 2m ) = Q). //F^(1:0:0:0:0), then let d be the degree of the 
defining equation of X , and Wi and Wj be the weights corresponding to the non-zero 
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coordinates of P. Then 



m 



lcm( I »r^l) % tt'fi = ( ' 1 ) X iS qUaSi ~ dia 9° nal 

— r otherwise. 

icvtxyWi ,Wjj 



(c) Let P be a singularity defined in (b). The sum of the exceptional divisors 
over the GaZ(Q(C2m)/Q)- conjugates of P is defined over Q. 

Proof. It follows from Proposition 16.11 that X is defined over Q. 

(a) Every locus C is a weighted projective curve on X obtained by letting two 
coordinates zero. Hence it is defined over Q and so is the ruled surface CxP 1 . 

(b) Clearly, P = (1 : : : : 0) is defined over Q. Consider the case where 
X is quasi-diagonal and (i,j) = (0,1). The non-zero coordinates of P satisfy the 
equation 

X d ° + X'l 1 - 1 = {) CP'h.IBl). 

Reducing the weight, we see that it is equivalent to 

^(d-MJi)/lcm(™ ,™l) _|_ ^(d-uiiVlcm^o.tui) _ g ^ pi 



Hence P is defined over y^i,2mj 

Other cases can be discussed similarly, where the non-zero coordinates of P 
satisfy the equation xf { + x^ 3 = C P 1 (wi, Wj) and we can reduce it to 

x d/lcm(wi, Wj ) ^ ^d/lcm(u>i,iUj) _ g (- pi 
1 J 



Hence P is defined over 

(c) The non-zero coordinates of each P satisfy the equation x^ lcm ( w " w ^ ^ 
^d/ \cm(w t ,Wj) _ g w j 1 j c ] 1 jg (Jefineci over Q. To resolve singularities of X, we apply 
toric blow-ups to the ambient space. Hence there exists a simultaneous resolution 
for all the Galois conjugates of P and their exceptional divisors are also Galois 
conjugates. Therefore their sum is defined over Q. □ 



Remark 6.2. (1) When m is odd, \iyi,2m) = 

(2) A ruled surface C x P 1 or a projective plane P 2 in Lemma ROl can indeed be 
defined over Z or Z[^2m]- When we take modulo reduction of X by a prime p, the 
exceptional divisors are defined over ¥ p or F p ((2 m ), where (2m is a 2m-th root of 
unity in ¥ p . Note that Qi m S if and only if p = 1 (mod 2m). 

Lemma 6.4. Let C be a 1-dimensional singular locus associated with the group 
action 

(z,y,z)^(Cz,C-V*) 
where £ ranges over fi m . Then the minimal resolution at C is a chain of m — 1 
sheets of a ruled surface CxP 1 connected to one another at C (see Figure [2]). 

Proof. This singularity may be considered as a cyclic quotient singularity of type 
A m , m -i on a surface over the function field fc(C). Hence we can resolve it by 
successive blow-ups and obtain a chain of m — 1 sheets of P 1 over k(C). □ 



In order to compute the zeta-functions of resolutions of X in the next section, we 
discuss the number of rational points on the exceptional divisors over finite fields. 
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Corollary 6.5. Let X be a threefold over a finite field ¥ q of q elements. Let C 
be a 1- dimensional singular locus of X defined in Lemma 16.41 Write N(C) for 
the number of ¥ q -rational points on C. Then a crepant resolution of X acquires 
q(m— l)N(C) number of ¥ q -rational points on the exceptional divisor on C, where 
the points on the proper transform of C are not counted. 

Proof. Since the exceptional ruled surfaces meet at C, every CxP 1 contains qN(C) 
new points. As to — 1 sheets meet transversely, the total number of new points is 
q(m-l)N(C). □ 

Lemma 6.6. Let P be a ^-dimensional singularity associated with the group action 

where £ € (J, m and 1 + a + b = to. Let e be the number of lattice points in the 
interior of the triangle in R 3 with vertices A(0, 1, 0), £>(0, 0, 1) and C(m, —a, —b). 
Then the strict transform of P on a crepant resolution of X consists of e copies of 
P 2 . If two P 2 s are not disjoint, then they intersect at an exceptional line P 1 . 

Proof. This is known from toric geometry. Details may be found in |12j . □ 

Corollary 6.7. Let X be a threefold over a finite field F q of q elements. Let P be 
a 0- dimensional singularity of X defined in Lemma 16.61 Assume that P is defined 
over¥ q . Then with the assumptions of Lemma 16.61 we have e(q + q 2 ) number of 
¥ q -rational points on the exceptional divisor on P, where the proper transform of 
P is not counted.. 

Proof. As P is defined over ¥ q , every projective plane P 2 in the resolution of P is 
defined over ¥ q and it contains 1 + q + q 2 points. Among these points, one belongs 
to the threefold X and q + q 2 points are new. Also, when two sheets of P 2 have an 
intersection, it is an exceptional line P 1 that sprouts out of a point. Hence every 
P 2 gives rise to q + q 2 new points. □ 

Lemma 6.8. The assumptions and hypothesis of Lemma l6. 61 remain in force. Write 
ai — gcd(m, a) and b\ = gcd(m, b). Then there exist 1 + ai + bi points on the sides 
of triangle ABC and the number of exceptional P 2 from the singularity P is equal 
to 

to + 1 — a\ — b\ 



Proof, ft follows from Lemma 1.1 of [12] (an original form of which can be found 
in [5D]) that the number of all lattice points on A ABC is equal to 

TO + 2 + (l + ai+fri) 
2 ' 

Among these, the points on the side BC correspond to the exceptional ruled surfaces 
arising from the fi ai action described in Lemma 16.41 with to = a\. Hence BC has 
ai — 1 interior points. Similarly, there are b\ — 1 interior points on the side AC. 
Together with 3 vertices, there are 1 + a\ + b\ lattice points on the sides of A ABC. 
Hence the number of interior points is calculated as asserted. □ 

All Calabi-Yau threefolds we discuss in this paper have at most cyclic quotient 
singularities and the above resolution procedure can be applied to them. As it is 
rather lengthy to list all the cases, we illustrate the procedure with three typical 
examples. Other singularities can be resolved similarly. 
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FIGURE 3. Subdivision of ABC for Example IQl 

Example 6.9. (Diagonal type) Consider the diagonal hypersurface discussed in Ex- 
ample 15.31 

X : zl s + zf + zl + zl + zl = C P 4 (l,2,3,6,6) 

of degree 18. It has 2 one-dimensional singular loci meeting at 3 points Pi (i — 
1,2,3), namely 

E : z\ + zf + z\ = C P 2 (fixed by fi 3 ) 
E : z\ + aj + z\ = C P 2 (fixed by /i 2 ) 
Pi =(0:0:0:1: -(J) 

where E = E = E\ are elliptic curves over Q and a; is a primitive cube root of 
unity. As every Pi is on both singular loci, when we resolve singularity at Pj, it 
will also describe the resolution of E and E . 

Recall that the singularity at Pi is locally isomorphic to A 3 //ig, where fi$ acts 

as 

(x,y,z) i — ► (Ce^Ce^d^)- 
We consider a triangle with vertices 

A(0,1,0), 5(0,0,1), (7(6,-2,-3). 

By Lemma RT5I there are 6 lattice points on the sides of A ABC, of which 3 (— 6 — 3) 
points correspond to exceptional divisors. The lattice points on AC (aside from 
the edges) represent a chain of 2 ruled surfaces E x P 1 arising from a singular locus 
E; a point on BC represents a ruled surface E x P 1 from E . On the other hand, 
there is one lattice point in the interior of A ABC. This corresponds to a plane P 2 . 

Next we locate the lattice points in and on AABC exactly and then draw lines 
connecting them in such a way that no two line segments cross each other. As in 
[12] . Figure [3] shows an example of such subdivision. 

We summarize the exceptional divisors as follows: 





Lattice points 


Corresponding exceptional divisors 


On AC 
On BC 
Interior 


2 points 
1 point 
1 point 


2 copies of E x P 1 over Q 
one E x P 1 over Q 
one P 2 over Q(w) 



Note that the exceptional P 2 appears at each Pi. Since there are three points 
in the intersection of E and E , we obtain totally 3 copies of P 2 each of which is 
defined over Q(w). These planes intersect ruled surfaces at their exceptional lines. 
The whole resolution picture is given in Figure |U 
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Example 6.10. (Quasi-diagonal type) We consider the quasi-diagonal hypersurface 
discussed in Example 15.41 

z 12 zi + zl 1 + z% + 4 + 4 = C P 4 (5, 6, 11, 22, 22) 

having degree 66. There arc 2 one-dimensional singular loci: 

C : (z = z 2 = 0), zl 1 + zf + z\ = C P 2 (6, 22, 22) (fixed by fj, 2 ) 
E : (z Q = Zx = 0), z\ + 4 + 4 = c P 2 (H, 22, 22) (fixed by 

These curves are isomorphic to 

C : zi + z^ + z| = CP 2 (3,1,1) and E: z\ + 4 + 4 = C P 2 . 

E is an elliptic curve over Q isomorphic to E\. C is a rational curve over Q. They 
meet at 3 points Pi = (0 : : : 1 : — cu l ), where to is a primitive cube root of 
unity in C and i = 1,2,3. When we resolve singularity at Pi, it also gives us the 
resolution of C and E. 

Recall that the singularity at Pi is locally isomorphic to A 3 /^22, where ^22 acts 

as 

(x, y, z) 1 — ► (C222:, (™y, CHz). 

We consider a triangle with vertices 

A(0,1,0), 5(0,0,1), (7(22,-10,-11). 

By Lemma f678l there are 14 lattice points on the sides of A ABC, of which 11 points 
correspond to exceptional divisors. The lattice points on AC (aside from the edges) 
represent a chain of 10 ruled surfaces ExP 1 arising from a singular locus E; a point 
on BC represents a ruled surface C x P 1 from C. On the other hand, there are 5 
lattice points in the interior of A ABC. They correspond to 5 copies of P 2 . 

Once we determine the lattice points on ABC, we draw lines connecting them in 
such a way that no two line segments cross each other. An example of a subdivision 
of ABC can be found in Figure O 

The exceptional divisors corresponding to 16 lattice points are summarized as 
follows (note that 5 copies of P 2 appear from every Pi for i = 1, 2, 3): 
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Figure 5. Subdivision of ABC for Example 16. 101 (1-dimensional loci) 



B 




Figure 6. Subdivision of ABC for Example 16. 101 (0-dimensional loci) 





Lattice points 


Corresponding exceptional divisors 


On AC 
On BC 
Interior 


10 points 
1 point 
5 points 


10 copies offixP 1 over Q 

one CxP 1 over Q 

5 copies of P 2 over Q(u) 



In addition to the above singularities, this quasi-diagonal threefold has an iso- 
lated singularity P4 — (1 : : : : 0). Since zo = 1 ^ 0, neither singular locus 
above contains this point. Locally, P4 is given by the quotient A 3 //is, where the 
/^-action is 

0*2, z 3 , z 4 ) 1 — ► (( 5 z 2 , (5Z3, C5 Z 4)- 
We consider a triangle with vertices 

A(0,1,0), 5(0,0,1), C(5,-2,-2). 

Apart from these vertices, it has no lattice points on the sides and has 2 lattice 
points in the interior. Hence the resolution of P4 consists of 2 copies of P 2 over Q. 
The subdivision of ABC is given in Figure [6l 

The intersections between these planes are exceptional lines. The whole resolu- 
tion picture is given in Figure [3 

Example 6.11. (Quasi-diagonal type) We consider another quasi-diagonal hyper- 
surface discussed in Example 15.51 

zl 2 Zl + z\ l + z\ + z\ + z\ = C P 4 (10, 12, 33, 33, 44) 

of degree 132. There are 3 one-dimensional singular loci: 

Ci : (z = zi = 0), z\ + 4 + z ± = C P 2 (l, 1,4) (fixed by ^n) 

C 2 : {z = Zi = 0), zi + 4 + z\ = C P 2 (4, 1, 1) (fixed by /* 3 ) 

C 3 : (z 2 = z 3 = 0), z%z x + z\ l + zf = Q C P 2 (5,3, 11) (fixed by fi 2 ) 

C\ and C2 are rational curves and they meet at four points P, = (0 : : 1 : Cf* -1 : 0)> 
where Cs is a primitive 8th root of unity in C and i = 1,2,3,4. C3 is a curve of 
genus 2, on which there is a different type of singularity at P5 — (1 : : : : 0). 
(Note that the singular locus C3 itself has a singularity at P5.) 
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FIGURE 7. Exceptional divisors for Example l6.10l 



B 




Figure 8. Subdivision of ABC for Example T6. Ill (for C\ and C 2 ) 

We can find the whole resolution picture by resolving singularities at Pj. 
(i) Recall that the singularity at Pi (i — 1, 2, 3, 4) is locally isomorphic to A 3 //Z33, 
where ^33 acts as 

(x, y, z) 1 — ► ((332;, C332/; Cm 2 )- 
We consider a triangle with vertices 

A(0,1,0), 5(0,0,1), (7(33,-21,-11). 

By Lemma f5T5l there are 15 lattice points on the sides of AABC, of which 12 points 
correspond to exceptional divisors. The lattice points on AC (aside from the edges) 
represent a chain of 10 ruled surfaces C\ x P 1 arising from a singular locus C\\ 2 
points on BC represent a chain of 2 ruled surfaces C2 x P 1 from Ci. On the other 
hand, there are 10 lattice points in the interior of AABC. They correspond to 10 
copies of P 2 . 

Once we determine the lattice points on ABC , we draw lines connecting them in 
such a way that no two line segments cross each other. An example of a subdivision 
of ABC can be found in Figure [5] 

The exceptional divisors corresponding to 22 lattice points are summarized as 
follows (note that 10 copies of P 2 arise at every Pi for £ = 1,2, 3, 4): 
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FIGURE 9. Subdivision of ABC for Example [5.111 (for C 3 ) 





Lattice points 


Corresponding exceptional divisors 


On AC 
On BC 
Interior 


10 points 
2 points 
10 points 


10 copies of C\ x P 1 over Q 
2 copies of C2 x P 1 over Q 
10 copies of P 2 over Q(£ 8 ) 



(ii) Next, we resolve singularity at P5. It is locally isomorphic to A 3 , where 
/Ltio-action is 

{Z2, Z 3 , Z 4 ) I ► ((Z 2 , (Z 3 , ( 8 Z 4 ). 

We consider a triangle with vertices 

A(0,1,0), 5(0,0,1), C(10,-l,-8). 

By Lemma IB~51 there are 4 lattice points on the sides of A ABC, of which 1 (= 4—3) 
point corresponds to an exceptional divisor. The lattice point on AC (aside from 
the edges) represents a ruled surface C3 x P 1 arising from a singular locus C3; there 
is no lattice point on BC. On the other hand, there are 4 points in the interior 
of A ABC. They correspond to 4 copies of P 2 . A subdivision of ABC is given in 
Figure [9] 

The exceptional divisors corresponding to 5 lattice points are summarized as 
follows: 





Lattice points 


Corresponding exceptional divisors 


On AC 
On BC 
Interior 


1 point 
none 
4 points 


one C3 x P 1 over Q 
4 copies of P 2 over Q 



The intersections between these planes are exceptional lines. The whole resolu- 
tion picture is given in Figure [T0l 

7. COHOMOLOGY OF PRODUCT AND QUOTIENT VARIETIES 

In this section, we consider threefolds constructed by taking finite quotients of the 
product of a diagonal curve and a diagonal surface. We describe their cohomology 
over k. 

Let Qi = (wo,Wi,W2,W3) and Q2 = («o, «i, H2). Let S be a weighted diagonal 
surface of degree d in P 3 (Qi) and C be a weighted diagonal curve of degree e in 
IP 2 (Q2)- (As we work over k, S and C may be chosen to be of Fermat type.) Write 

Ts = Md/wo x ■ ■ • x Md/tus/ (diagonal elements) 
Tc = Me/vo x Me/«i x Ve/v 2 /(diagonal elements). 
In Section [21 we find the following decomposition: 

(7Y] H*(S,Q e ) Si V(0) ® © ae2ls V» 

( ] H^CQt) =© beac F(b) 
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FIGURE 10. Exceptional divisors for Example 16. Ill 

where 

2ts := |a = (a , a 1: a 2 , a 3 ) | a ; G (wiZ/dZ), a, 7^ 0, 2i=o a » = ( m °d 
2l c := |b = (6 , h, b 2 ) I h e (viZ/eZ), b t + 0, £?= 6* = (mod e)|. 

and 

K(a) = {„ e H* rim (S,® e ) I 7 » = CCrcrC". v 7 = (Co,Ci,C 2 ,C 3 ) e r s } 
V(b) = {»e ff x (^Q<) I 7*(«) = £o 6o £i°£N ve = (£0,6,6) g r c }. 

Lemma 7.1. Let S be a weighted diagonal surface and C be a weighted diagonal 
curve. Write Y = S x C . Then the cohomology ofY is described as follows: 

H°(Y, Q t ) = H°(S) ® H°(C) £* 

i/ 1 (r,Q £ )= ff°(s , )(g)if 1 (C) = ^(0) 

H 2 {Y, Qt) = H 2 {S) <g> iJ°(C) 8 H°(5) ® ff 2 (C) = i? 2 (S*) © Q*(-l) 

ff 3 (F,Q £ )= H 2 (S)® H\C) 

H\Y.Mi)= H 2 (S)(-l)®Qe(-2) 

H 5 (Y,Q e )= fl- 4 (5)«8>ff 1 (C) = J ff 1 (^)(-2) 

ff 6 (r ; Q £ )= H\S)®H 2 {C) SQ<(-3) 

Proof. This follows from the Kiinneth formula (|2.2| in Section 2 and the fact that 
H 1 (S,Qi) = H 3 (S,Qi) = for a weighted diagonal surface 5. Also note that 
# 2 (C) =<M-1) and# 4 (S) = Q<(-2). □ 
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For Y = S x C, let Ty be a subgroup of Ts x Tc acting on Y and consisting of 
elements of the form 

7 = ((Co,Ci,Ca,Ca),(&,6,6))- 

Write 

2lg := {a = (oo, ai,a 2 , 03) € 2l s | CCWsT = 1, V 7 G Ty} 
B£ : = {b = (6 , 61, 62) G 2tc I £ b °st st = 1, V 7 G T y } 
Qlx := {(a, b) G Os x 2l c | Co^Ca^S ^ = 1, V 7 G 

Proposition 7.2. Lei S be a diagonal surface of degree d in P 3 (Qi) and C be a 
diagonal curve of degree e in P 2 (Q2)- Write Y = S x C and let Ty be a subgroup 
of Ts x Tc as above. Assume (p,#Ty) = 1 and write X = Y/Ty. Then the 
cohomology of X is described as follows: 

H°(X,Q i ) = Qi 
H 1 (X,Q e )= 7(b) 

H 2 (X,Q e )= 7(0)8 © V(a)ffiQ<(-l) 

tf 3 (X,Q £ ) = 7(0)® 7(b)© 7(a)® 7(b) 
beag (a,b)e» x 

Other cohomology groups can be calculated from these by the Poincare duality. 

Proof. Note that the actions by Tc, Ts and Ty are compatible with the decom- 
position (|2.ip of cohomology groups. By the assumption (p, #IY) = 1 and an 
isomorphism (|2.3[) in Section 2, we have 

H°(X,Qi)= Qi 

H 1 (X,®t)= H l {Cf Y 

H 2 (X,®t)= H 2 {S) Ty ffiQ«(-l) 

tf 3 (X,Q,) = (if 2 (5)®if 1 (C)) ry - 

First we consider (H 2 (S) <g> iJ 1 (C)) r> '. As 7(a) and 7(b) are subspaces of 
dimension one, there exist non-zero vectors u\ G 7(a) and U2 G V(b) forming 
a basis for them respectively. Then u\ <S> U2 is a basis for 7(a) ® 7(b). Since 
Ty is a subgroup of Ts x Tc, it acts on Y = S x C coordinate- wise. Hence 
7 = ((Co, Ci.Ca, GO, G Ty sends m <8> w 2 G 7(a) <g> 7(b) to 

7*(«i <8> ua) = Co°Ci ai C 2 a2 C3 3 «i ® stsf st^2 

= Co o crc 2 a2 C3 Q ^o o ^ i ^ 2 ("i®"2). 

It follows that 7(a) ® 7(b) is invariant under the Ty-action if and only if 

^ao /-ai /-a? /-as sbo a6i i 

SO SI S2 S3 SO SI S2 ^ 1 

for all 7 G Ty . Therefore 

(^(S)®]! 1 ^- ^(0)®K(b)ffi 7(a)® 7(b). 

bGa£ (a,b)Ga x 

Next we consider i? 1 (C) ry \ If «2 G 7(b) denotes a basis for 7(b) as above, we 
have 

7*(«2) = eo°S 1 6l d , «a. 
Hence Ty fixes 7(b) if and only if J 1 ^ 2 = 1, namely, if and only if b G 
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The calculation of H 2 {S) Ty is similar to H 1 {C) Ty . The difference is the existence 
of the subgroup V(0) corresponding to the hyperplane section. It is fixed by the 
action of Ty and so we obtain the decomposition of H 2 (X,Qe) as asserted. □ 

The cohomology of X becomes simpler when 21^ = 0. Such a case occurs 
frequently: typical examples are the diagonal inductive structure and many cases of 
the twist map discussed in the next section. These cases have the feature described 
in the following Corollary. 

Corollary 7.3. The assumption and hypothesis of Proposition [7T2l remain in force. 
Assume that (vo,e/vo) = 1 and that Ty consists of elements of the form 7 = 
((Co) Ci; C2, C3) > (Co , 1, !))■ Then the cohomology of X is described as follows: 

H°(X,Q t )= Qi 

H 1 (X,Q e )= 

H 2 (X,Q e )= V(Q)® 7(a)9Q<(-l) 
H 3 (X,Q e )= 7(a)«7(b) 

(a,b)£5lx 

Other cohomology groups can be calculated by the Poincare duality. 
Proof. The action of Ty restricted to C is given as (£oi 1> !)■ Hence 
H£ = {b = (6 , 61, 62) G 2l c I Co = 1, V^o G Me/U- 

As (^o, e/fo) — lj w e have 60 = in v§1j el. Since there is no such b in %c from 
the definition of 2lc, 21^ = and the results follows from Proposition 17.21 □ 

8. ZETA-FUNCTIONS OF X3-FIBERED CALABI-YAU THREEFOLDS, I 

In this section, we compute zeta-functions of -ftf3-fibered Calabi-Yau threefolds 
defined earlier. All these Calabi-Yau threefolds are realized as quotient threefolds 
by twist maps. 

Definition 8.1. Let K be a number field, Ok the ring of integers of K. Let V be 
a smooth projective variety defined over K. For a prime p € Spec(0/f ), let Vj, be 
the reduction of V modulo p and put q — #{Ok/p) — Norm(p). The zeta-function 
of V p is defined by 

where t is an indeterminate, and ftVp(W q n) is the number of rational points on V v 
over F q n . 

It is known (Deligne [5]) that Z(V p ,t) is a rational function and indeed has the 
form 

2dim(V p ) 
i=0 

where Pi(Vp,t) is the characteristic polynomial of the endomorphism on the i-th 
etale cohomology group H i (V p ,Qi) induced by the Frobenius morphism Frob 9 on 
V p . 

P i (V r p ,t) = det(l-Frob^ | W(V p: Q e )). 
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One knows that Pi(V p ,t) is a polynomial with integer coefficients of degree equal 
to the i-th Betti number Bi(V p ) and its reciprocal roots have the absolute value 
q 1 / 2 . 

Our goal of this section is to determine the zeta-function of Calabi-Yau varieties 
constructed in Section 5. Since our Calabi-Yau varieties are quotients of products 
of lower dimensional varieties. For instance, for Calabi-Yau threefolds X, they are 
quotients of products S x C of surfaces S and curves C. Then the eigenvalues of the 
Frobenius for X are given by products of the eigenvalues of the Frobenius on the 
components. For dimensions 1 and 2 Calabi-Yau varieties discussed in the section 
5, the zeta- functions have been determined by Goto [HIE]. 

To describe the eigenvalues and the zeta-functions, we need to introduce weighted 
Jacobi sums. The reader is referred to Gouvea and Yui [TT] for Jacobi sums and 
their properties relevant to our discussions. 

Definition 8.2. Let L = Q(e 2,rx/=T/d ) be the cZ-th cyclotomic field over Q, C L the 
ring of integers of L. Let p £ Spec(0L)- For every x £ Ol relatively prime to p, let 
Xp(x modp) = (|) be the d-th power residue symbol on L. If x = (mod p), we 
put xp{ x modp) = 0. Let (wo, u>i, u>2, • • • , w„+i) be a weight. Define the set 

2l d (w , wi, ■ ■ ■ ,w n +i) 

{ " +1 1 

:= < a = (o ,ffli, • • • ,a„ +1 ) | a t £ (it^Z/dZ), a* ^ 0, }^ aj = (mod d) >. 

For each a £ 2ld(wo, wi, ■ ■ ■ , w„+i), the Jacobi sum is defined by 

j P (a)=i P (ao,ai > ».,o n +i) := (-l) n ^X P (fi) ai X P W a2 -X P k + i) a " +1 

where the sum is taken over (vi,V2, • • ■ ,v n+ i) £ (Ol/p) x x • • • x (Ol/p) x subject 
to the linear relation 1 + V\ + v-i + ■ ■ ■ + v n+ i = (mod p). 

Jacobi sums are elements of 0l with complex absolute value equal to g™/ 2 where 
q =| Normp |= 1 (mod d). 

The Jacobi sums defined above are particularly useful when we describe zeta- 
functions of varieties over some extensions of L = Q(e 27T ^~^/ d ). To discuss zeta- 
functions of varieties over Q, however, we also need Jacobi sums of finite fields. 

Definition 8.3. Let ¥ q be a finite field of q elements. Let d be a positive integer. 
Assume that q = 1 (mod d). Fix a character x '■ — * C x of exact order d. 
Define the set 21^(^0, Wi, • • • , w n+ i) as in Definition 18.21 The Jacobi sum of ¥ q 
associated with a = (ao, • • ■ , ctn+i) i s defined to be 

jq ( a ) := H)"E^W-X %+1 (Vi) 
where the sum is taken over all Vi £ F x satisfying 1 + v% + ■ ■ ■ + v n+ i = 0. 

Jacobi sums j g (a) have absolute value q n / 2 . These Jacobi sums are used to 
describe zeta-functions of varieties over Q reduced modulo p. 

8.1. Zeta-functions of elliptic curves and K3 surfaces. 

Lemma 8.1. Let Ei (i = 1,2,3) be elliptic curves listed in Table [TJ Assume 
that the field of definition of Ei (i — 1,2,3) is a number field K that contains 
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Table 7. Polynomial Pi (E iiP , t) 
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Pi(E ilP ,t) 


P 


L 


E x 


(l-jp(l,l,l)*)(l-Jp(2,2,2)t) 
1 


p\3 
p|3 


<Q(e 27ri / 3 ) 


E 2 


(l-jp(l,l,2)t)(l- jp(3,3,2)t) 
1 


p|4 
p|4 




E 3 


(l-jp(l,2,3)t)(l-i P (5,4,3)t) 
1 


p|6 
p|6 





Table 8. Polynomial Pi (Ei iP ,t) 



Ei 


Pi{E ilP ,t) 


p 


Ex 


(l-j p (l,l,l)t)(l-j p (2,2,2)t) 

{\-y/pt){\+y/pt) 
1 


p = 1 (mod 3) 
p = 2 (mod 3) 
p = 3 


E 2 


(l-i P (l,l,2)t)(l-i P (3,3,2)i) 

{l-y/Vt){l + y/Vt) 

1 


p = 1 (mod 4) 
p = 3 (mod 4) 
p = 2 


E 3 


(l-i P (l,2,3)t)(l-i J ,(5,4,3)t) 

{\-y/pt){\+y/Vt) 

1 


p = 1 (mod 6) 
p = 5 (mod 6) 
p = 2,3 



L = Q(e 27rv ^ T / d ). For p G SpecO^, /et £^p 6e i/ie reduction of Ei modulo p. J7ien 
i/ie zeta-function Z(Ei jP ,t) has the form 

(l-t)(l-gt) 

T/ie polynomial P\(Ei tPl t) is determined in Table [71 

Proof. Ei_p is an elliptic curve over F g with g =| Normp |. As g = 1 (mod d) for 
every p, each j p is a Jacobi sum of F g and we can apply Weil's method to compute 
Z(E i>p ,t). See 0] or Lemma HU below. □ 

By Lemma I8.1[ zeta-functions of Ei over an extension of L are written in a 
single form throughout good reductions at p. When Ei is defined over Q, we need 
to divide the case according to a congruence property of a prime p. 

Lemma 8.2. Let Ei (i — 1,2,3) be elliptic curves over Q listed in Table [TJ For 
a prime p € Q, let Ei tP be the reduction of Ei modulo p. Then the zeta-function 
Z(Ei tP ,t) has the form 

Z(E ip ,t)= , ^pElll 
V l ' p ' ' [l-t)(l-pt) 

The polynomial Pi(E^ p ,t) is determined in Table [51 
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Proof. When p = 1 (mod d), the situation is the same as in Lemma 18.11 and 
Z(Ei tP ,t) can be expressed with Jacobi sums on F p . 

When p ^ 1 (mod d), we need to consider several extensions of the field of 
definition and collect more data to determine the zeta-functions. Let n be the 
extension degree of ¥ q over F p . 

(i) Ei over F p with p = 2 (mod 3). 

(a) Let n be an odd integer and q = p n . We have q = 2 (mod 3) and E\ has the 
same number of F g -rational points as a curve ?/Q Cd( ' 3 ' 9 ^ + yf cd< " 3 ' q ^ +i/f cd ^ 3 ' 9 ^ = 
0, namely 

C: 2/0 + 2/1+2/3 = C P 2 . 

Clearly, #E hp (¥ q ) = #C p (¥ q ) = 1 + q. 

(b) Let n — 2m be an even integer and q = p n . We have q = 1 (mod 3) and we 
can apply Weil's algorithm to obtain 

#E hp (¥ q ) = l+q- v(l, 1, l) m - V ( 2 ' 2 ' 2) m 

It follows from [I], Theorem 11.6.1 (cf. Remark |8~T|) that j p 2 (1, 1,1)= j p 2 (2, 2, 2) = 
p. Hence #E ltP (W q ) = l + q- 2p m . 

Combining (a) and (b), we determine #Ei^ p (¥ p n) = 1 + p n — ( v /p)™ — {—y/p) n , 
which gives rise to the desired formula. 

(ii) £2 over F p with p = 3 (mod 4) . 

(a) Let n be an odd integer and q — p n . We have q = 3 (mod 4) and E2 has 
the same number of F g -rational points as yQ Cd< " 4 ' q + yf cd ^ 4 ' q ^ 4- 2/f cd ' 2 ' 9 ^ = 0, 
namely 

C: yl + y\ + y\ = CP 2 

We see immediately that #E 2 , p {¥ q ) = #C p (F g ) = 1 + q. 

(b) Let n = 2m be an even integer and q = p n . We have g = 1 (mod 4) and 

#E 2 , p (¥ q ) = l+q- V (l, 1, 2) m - j> (3, 3, 2) m . 

By pQ, Theorem 11.6.1 again, we see j p 2(l, 1, 2) = j p 2(3, 3, 2) = p. Hence #E 2 . p {¥ q ) = 
\ + q-2p m . 

Combining (a) and (b), we determine ^E 2 , p {¥ p ^) = 1 + P n ~ {\/V) n ~ i~VP) n - 

(iii) E3 over F p with p = 5 (mod 6). 

Similarly as above, we see that #E 3:P (¥ pn ) = 1 + p n — (^Jp) n — {—■Jp) n and 
obtain the polynomial Pi(Es p ,t) as claimed. □ 

Remark 8.1. Let m be a positive integer and p be a prime such that p' r = —1 
(mod m) for some r. Write q = p 2r and let \ be a character of F g of order m. 
Denote by G2 r (x) the Gauss sum over ¥ q associated with \. Then Theorem 11.6.1 
of pQ states that 

' 1 if p = 2 

(-1)^ ifp>2 



p- r G 2r (x) = 



Next we calculate the zeta-functions of K3 surfaces and discuss their decompo- 
sition into algebraic and transcendental parts. 

Definition 8.4. Let Y be a K3 surface over k = ¥ q . Let A(Y) be the subspace 
of elements in H 2 (Y^, Q^(l)) that are invariant under the action of Gal(k/k ) for 
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some finite extension k of k. Let V(Y) be the orthogonal complement of A(Y) in 
H 2 (Yj:,Qi(l)) with respect to the cup-product. We define 

P 2 {S Y ,t) = det(l - Frob*qt \ A{Y)) 
P 2 (T Y ,t) = det(l - Fmb* q qt | V{Y)) 

and call P2{SY,t) (resp. P2(Ty,t)) the algebraic (resp. transcendental) part of 
P 2 (Y,t). 

Remark 8.2. The above definition is originally due to Zarhin [25] for the ordinary 
case. We simply extend his definition to arbitrary K3 surfaces. It follows from the 
definition that Frob* acts on both A{Y) and V(Y). If the Tate conjecture is true 
for Y, then A(Y) is equal to the image of NS{Y^) <g) Q e in # 2 (T ¥ , <Q^(1)) under the 
cycle class map. The subspace V(Y) is then isomorphic to Ve(Br(Y^)). The Tate 
conjecture is known for K3 surface of finite height (cf. [19 ) or when H 2 (Y^, Q^(l)) 
is spanned all by algebraic cycles (i.e., Y is supersingular) . 

Proposition 8.3. Let K be a number field. Let Yi (i = 1,2, • • • , 10) be the K3 

surfaces constructed in Proposition 14. II bu diagonal equations 

ran . mi i ra^ , ra$ n 

y + Vi + v-2 + 2/3 = 

of degree d in P 3 (u>o, w\, u>2, W3) over K. Assume that K contains the d-th cyclo- 
tomic field Q(Cd)- Let p be a prime of K not dividing d and put q —\ Normp \. 
Then the following assertions hold. 

(a) Q=l (mod d) and the zeta-function Z(Yi >p , t) has the form 

Z(YhP,t) = (l-t)P 2 (Y itP ,t)(l-qH) 

where P2(Yi iP ,t) is a polynomial of integer coefficients whose reciprocal roots have 
the complex absolute value q and 

P2(Yi,p,t) = (1-qt) H (l-j p (a)i) 
aea d 

with 2l d =_2t d ( w ,wi,w 2 ,w 3 ). 

(b) Let Yi yV be the minimal resolution ofYi tP and let £ denote the proper transform 
of Sing (Yi tV ) on Yi^ p , where Yi^ p = Yi >p x¥ q . Then £ is a scheme over¥ q consisting 
of exceptional divisors and 



Z(Y hP ,t) 



Z{Y up ,t) 1 

V " J Pi(£,t) (l-t)P2(Y l:P ,t)P 2 (£,t)(l-qH)- 



In particular, P2(Y liP ,t) — P^i^p, O-fM^, t). 
(c) P2(Y i p ,t) factors over Z as follows: 

P2(Y hP ,s) = P 2 (%. p ,t)P 2 (T % p ,t). 

Here if p is a rational prime such that p(lZ = (p), then 

p ( 1 if p r = — 1 (mod d) for some r G N 

2 Yi,p ' \riaeAi Q ( 1 -iu( a )*) otherwise 

where M.q is the weight motive ofYi iP , i.e. the (Z/cK) x -orbit of a — (wo, W\, w 2 , W3) 
in 2b. 
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Proof, (a) Since K contains Q(£d), we have q = 1 (mod d) for every prime p. As 
Yi is a weighted diagonal surface over ¥ q , Z(Yi > p,t) can be computed by Weil's 
classical method (see |S]). 

(b) Each singular point in Sing (1$ p ) may not be defined over ¥ q , but the sub- 
scheme Sing(TQ = Y~p~n Sing(P 3 (Q)) is defined over F g . Since Sing(P 3 (Q)) is 
defined over ¥ q and an embedded resolution exists for 3^ )P , the resolution Yj ]P and 
a subscheme £ are defined over ¥ q . As Fj iP has only cyclic quotient singularities, £ 
consists of rational lines. Hence Pi(£,t) — 1 and Z(Yi tP ,t) has the asserted form. 

(c) Since Y itV is a weighted diagonal surface, the Tate conjecture holds for Y itV 
over ¥ q (cf. [5]) and its supersingularity is dependent on p. (Note that p \ d implies 
p \ d.) As Yi p is a K3 surface, it is known that Y^p is supersingular if and only if 
p r = — 1 (mod d) for some positive integer r (see [TO])- When Y ijP is supersingular, 
all cycles are algebraic and hence P2 (Ty. ,t) = 1 ; otherwise, the weight motive 
M.q corresponds to the transcendental cycles. Therefore Pi(Ty. >*) nas * ne f° rm 
as we claim. □ 

Remark 8.3. Since we assume K D Q(Cd)j the congruence q = 1 (mod d) holds for 
every prime p. If we remove this assumption, it may happen that q ^ 1 (mod d) 
for some classes of p. In this case, the number of Ojc/p-rational points on Yp is the 
same as that of 

gcd(roo,8-l) 1 gcd(mi,9-l) . gcd(m 2 ,g-l) , gcd(m 3 ,q-l) _ n 
i/0 til +92 ' i/3 — u - 

The degree, say d , of this surface now satisfies q = 1 (mod d ) and we can express 
the number of rational points in terms of Jacobi sums associated with a character of 
order d . If we carry out this calculation over sufficiently many finite extensions of 
F g , we can obtain the zeta- function of Y over ¥ q with q ^ 1 (mod d). Furthermore, 
this algorithm works also over a finite prime field F p . This is what one can do in 
general to compute the L-series of Y over Q. 

Remark 8.4. It depends on the prime (p) = p n Z whether or not Y^ p is supersin- 
gular. The above condition for a supersingular prime p can be phrased as follows: 
let Q = e 27 "/ d and write L = Q(£d) for the d-th cyclotomic field over Q. Choose 
a prime p € Spec(0L) over p and assume p \ d. Then p is unramified in L/Q, 
so that the inertia group of p is trivial. Hence its decomposition group, Z p , is 
isomorphic to Gal(F g /F p ), where ¥ q = Ol/p and q = p* . Let op be the Frobenius 
automorphism that generates Gal(F g /F p ). Then Z p is generated by ap and it acts 
on L as o-f(Q) = of order /. When p r = —1 (mod d), <jp acts on Q(Cd) as 

In other words, Z p contains the complex conjugate map restricted to Q(Cd)- The 
converse is also true. Therefore li jP is supersingular if and only if Z p contains the 
complex conjugate. 

Next we deal with quasi-diagonal surfaces; threefolds will be discussed in the 
next section. 

Lemma 8.4. Let k = ¥ q be a finite field of q elements. Let mi, ■ ■ ■ ,m r her positive 
integers such that q = 1 (mod m;) for 1 < i < r. Write Wk be an affine variety in 
A£ defined by the equation 

b Q + hxT 1 +■■■ + b r x™r =0 C A r k 
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,m r ) 



with bi £ k x (0 < i < r). Define 

M = 1cm (mi, 
Mi = M/rrn 

for 1 < i < r. Assume q=l (mod M). Fix a character, x, of k x of exact order 
M. Let N(W) denote the number of k-rational points on Wk- Then 

N(W) = q r - 1 + £ ^( b > a ) 



aG2ln 



where 

b = (b , ■■■ ,b r ) 



2l 



a = (a , 



,a r ) 



at G MiZ/MZ, a, ^ (1 < i < r), a e Z/MZ 

_ Ei=0 a i = 



1+fiH hWr=0 

J(b, a ) = x - 1 (b a a ---b^)j( a ) 
Proof. See [14], Chap. 8. □ 
Proposition 8.5. Let Y be a quasi-diagonal surface over¥ q defined by an equation 

2/o m °2/i+yr+2/2 l2 +2/3 l3 =0 

in F 3 (wq, wi,W2,W3) of degree d, where d = womo + w\= Wimi = W2ni2 = W3TO3. 
Write 

M — 1cm (mo, m 2, TO3) 

Mi = M/m t (i = 0, 2, 3) 

and assume q = 1 (mod Af). Fia; a character, x, 0/ fc x 0/ exact order M. Then 
the zeta-function of Y has the form 

1 

i} ~ (i-*)p 2 (y,t)(i- g 2 t) 

w/iere 

P 2 (Y,t) = (l-qt)l[(l-q X aM z(-l)t) J] (l-i„(a)t) 

a6£ aG2ly 

£ = {a£Z|0<a< TO3, w^a = (mod W2)} 

f 01 G Z/MZ, ai S MiZ/MZ (i = 0,2,3), 

ay "\ a " (a °' ai ' a2 ' a3) a^O (0<*<3), £to«* = 0and a + m l0l = 
(8.1) 



Proof. Here we give an outline and cohomological explanation of the proof. A more 
detailed and combinatorial account of it (in the case of threefolds) may be found 
in Theorem 19.31 

Note first that Y is a Delsarte surface with matrix 



mo 


1 











TO 1 














TO 2 














TO 3 



The zeta-functions of such quasi-diagonal surfaces are computed in [9] by a combi- 
natorial argument. The main idea there is to split the surface Y according to yi = 
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or yi ^ 0. The subset corresponding to yi = consists of r — d/lcm (w2, W3) lines 
and this gives rise to a factor IIae£(l — qx aM3 {~ 1)0 of P2(Y, t). The other factor of 
it comes from the diagonal surface of degree M. As described in [10], Y is covered 
by the diagonal surface F of degree momirri2TO3 and there is a group action Y on 
F so that Y is birational to F/Y. Computing the cohomology of F/Y, we obtain 
the factor JlaeaC 1 ~ ip( a )0 of P 2(X> 0- D 
Remark 8.5. In general, the modulus M above is different from the degree d of the 
surface. Proposition 18.51 shows that the character set 21 of a quasi-diagonal surface 
can be embedded in 21m(1, 1, 1, !)• 

Corollary 8.6. Let Y be a quasi-diagonal surface over a number field K defined 
by an equation 

mo 1 mi 1 77I2 1 7713 n ttd3 / \ 
Vo J/l +Vl + Vlt +Vs = C P ( w 0, Wi,W 2 ,W3)- 

Assume that K contains the M-th cyclotomic field Q(Cm)- Let p be a prime of K 
not dividing d. Then the assertions (a), (b) and (c) of Proposition [8~3l hold for Yp 
if we replace d by M . 

Example 8.7. Let Yn be the K3 surface over K constructed in Proposition 14. II 

Y n : y^yi + y\ l + y\ + </ 3 2 -0c P 3 (5, 6, 22, 33). 

For the values defined in Proposition l8.5i we find M = 12 and r = 1. If p 2-3-5-11, 
then the zeta-function Z(Yn :V , t) has the form 

Z[Yll ' 9,t) = (1-^2(^,0(1-^) 

where P2(^ii,p) t) is a polynomial of degree 5 and decomposed as 
P2(Y n , p ,t) = (l-qt) [J (l-ip(a)t) 

a€% n 

with2l ril = {(1, 1,4,6), (5,5,8,6), (7, 7, 4,6), (11,11, 8,6)} C 2l 12 (l, 1, 1, 1). Fur- 
thermore, if Yn,p is not supersingular, then 

P 2 (T Yll<p ,t)= YI (l-i P (a)0- 

aea Yll 

9. ZETA-FUNCTIONS OF i^3-FIBERED CALABI-YAU THREEFOLDS, II 

Now we calculate the zeta-functions of Calabi-Yau threefolds. In order to have 
a simple exposition, we slightly raise the field of definition and express the zeta- 
function in a single form (independent of the choice of prime reduction) . 

As we noted in Section [21 we may bring in non-trivial coefficients Ci to the 
defining equations of our hypersurfaces. The geometry will be the same, but the 
arithmetic will be different. We will give more details about the differences in a 
subsequent paper. 

We begin with some notations to describe singular loci and resolution of singu- 
larities for our threefolds. 

Definition 9.1. Let X be a weighted hypersurface in P 4 (u>o, wi, W2, W3, W4) over k 
defined by / — 0. Let I\ be a set of indecies which parameterizes one-dimensional 
singular loci of X, namely 

h = {i= (i,j,k) I gcd(wi,Wj,w k ) > 2}. 
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For each i = (i, j, k), write i = {0, 1, 2, 3, 4} \ {i, j, k} and let C\ be a subscheme of 
X over k defined by 

C ; : / = and x h = 0(h€ i). 
Similarly, let Iq be a set of indecies which parameterizes zero-dimensional singular 
loci of X, namely 

lo = {j = I gcd(wi,Wj) > 2}. 

For each j = write j = {0, 1, 2, 3, 4} \ {i,j} and let Pj be a subscheme of X 

over k defined by 

Pj : / = and x,* = (fc € j). 
Finally, for the case of quasi-diagonal hypersurfaces, we put 

P := (1 : : : : 0). 

In most cases, C are irreducible (i.e. varieties over k) and Pj are reducible. As 
a scheme, Pj is defined over k; but, if we decompose it as a set of points, each point 
may not be defined over k. 

It follows from the discussion of Section [5] that if X is a weighted diagonal 
hypersurface, then Sing (X) is a scheme over k and we have 

Sing(X)= [J^iUU P i- 

Lemma 9.1. Let X be a quasi-smooth weighted hypersurface in P (Q) over K . Let 
p be a prime of K and X p be the reduction of X modulo p. Put q = ff=(Ox /p)- 
Assume that X p is quasi-smooth. Then there exists a crepant resolution X p of X p 
that is obtained by applying a partial toroidal desingularization to P 4 (Q). Let Ci 
(resp. Pj) be the strict transform of Ci {resp. Pj) with respect to X p — ► X p . Write 
C? {resp. P?) for the open subset of C\ (resp. Pj) defined by subtracting the proper 
transform of Ci (resp. Pj). Then we have 

7 (C° f\ = P l( C h<lt) n> 7( po .s = 1 

1 1 ' ' (1 - 9t)"'(l - q 2 t)^ ' 1 j ' ' P (Pj,^)^Po(Pj, 9 2 t) e J 

where Hi is the number of ruled surfaces over Ci and ej is the number of projective 
planes over Pj . 

Proof. It follows from Lemma [6.31 that C ; ° consists of niq u N v (Ci) rational points 
over the z^-th extension of Ok/P- Similarly, Lemma 16.71 implies that P? acquires 
ej(q u + q 2v ) rational points. Hence their zeta-functions are computed as above. □ 

Theorem 9.2. Let K be a number field. Let X be a singular Calabi-Yau threefold 
over K of diagonal type constructed in Section 4 by the equation 

z™° + z™ 1 + 4" 2 + z 3 ma + z™ 4 = o 

in P 4 (w;o, tui, W2, IV3, W4) of degree d = wq + • ■ ■ + W4. Assume that K contains the 
d-th cyclotomic field Q_(Cd)- Let p be a prime of K not dividing d. Write X p for the 
reduction of X modulo p and put ¥ q := Ok /p with q = Norm p. Then the following 
assertions hold. 

(a) The zeta-function Z(X p ,t) has the form 

P 3 (X p ,t) 



Z(X p ,t) = 



{l-t)(l-qt)(l-qH){l-qH) 



40 



YASUHIRO GOTO, REMKE KLOOSTERMAN, AND NORIKO YUI 



where P 3 (X p ,t) is a polynomial of integer coefficients whose reciprocal roots have 
the complex absolute value q 3 / 2 and 

P3(X P ,t)= H (l-j p (a)t) 
aea d (Q) 

with 2ld(Q) = %ld(wo,wi,W2,w 3 ,W4,). 

(b) There exists a crepant resolution X p of X p such that X p is obtained by ap- 
plying a toroidal desingularization to P 4 (Q) and Xp is a Calabi-Yau threefold over 
F 

(c) With the notation of (b) and Lemma 19.11 we have 

z(x p ,t) = F3(Xp ' i} 



(l-t)P 2 (X p ,t)P 4 (X p ,t)(l-qH) 



with 



P 2 (X p ,t) = (1 - qt) JJ(1 -gt)*« [] P (Pj,qt) e > 
ieh jG/ 

P a (X p ,t)= [] (l-i p (a)t)n^i(Ci,g*) ni 

P 4 {X p ,t) = P 2 (X p ,qt) 

Proof, (a) Since X p is a weighted diagonal threefold over ¥ q and q = 1 (mod d), 
Z(X p , t) can be computed by Weil's classical method (see [8] for details). 

(b) The existence of X p is proven in Lemma 19.11 and its Calabi-Yau property 
follows from d — wq + • ■ ■ + W4 . 

(c) The assertions are deduced from Lemma \9. II by noting that 

p 2 (x p ,t) = p 2 (x p ,t) n p 2 {c?,t) n p 2 {p?,t) 

ieh iei 

p 3 (x p ,t) = p 3 (x p ,t) ii p 3 (c?,t) n p 3 (p?,t) 

ieh jei 

and Pa(P?,t) = 1. □ 

Remark 9.1. As we noted in Remark 1531 the assumption K D Q((d) enables us to 
have q = 1 (mod d) for every prime p. If we relax this assumption, then we can 
still calculate the number of Oi<-/p-rational points on X p via the threefold 

gcd(m ,<?-l) , gcd(mi,g-l) gcd(m 2 ,9-l) . gcd(-m 3 ,g-l) , gcd(m 4 ,<j-l) _ „ 

Since the degree, ci , of this threefold satisfies q = 1 (mod d ), we can express the 
number of rational points in terms of Jacobi sums. We carry out this calculation 
over sufficiently many finite extensions of ¥ q to obtain Z(X p , t) with q ^ 1 (mod d). 
Further, this algorithm works also over F p and one can determine the L-series of X 
over Q (cf. Lemma I5T2|) . More details of it will be discussed in a subsequent paper. 

Next we discuss the quasi-diagonal thrccfolds. The description is almost identical 
with that of the diagonal case. 

Theorem 9.3. Let X be a quasi- diagonal threefold over ¥ q defined by an equation 
z™° Zl + z™ 1 + z™ 2 + zp + = 
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in P 4 (/co, fci, &2, fe, fc 4 ) of degree d, where d — homo + fei = kim\ = k2rri2 = k^m^ — 
kiUiA- Let C be a weighted diagonal curve of degree d in P 2 (/c2, ka, ki) defined by 



z™ 2 + zp + z™ 4 = 0. 



Write 

M = lcm (mo, m^-, m^, 1TI4) 
Mi^M/m, (i = 0,2,3,4). 

Let Z(C,t) = Pi(C, t)/(l — t)(l — qt) denote the zeta-function of C over¥ q . Assume 
q = 1 (mod M ) . Then the zeta-function of X has the form 

Z(X,t)- 



where 



(l-t)(l-qt)(l-qn)(l-qH) 

P 3 (X,t)=P 1 (C,qt) H (l-i p (a)t) 
aea x 



21x = S a = {ao, ••■ ,0,4.) 



ax e Z/MZ, a t e MjZ/MZ (i = 0,2,3,4), 
ai (0 < i < 4), X)i=o fl i = an d ao + wi^i = 

Remark 9.2. The main differences of zeta- functions between diagonal and quasi- 
diagonal threefolds are P3 (X, t) and the modulus for 21. Since M is often smaller 
than d, the factor of P^(X, t) associated with the weight motive can be smaller than 
that of a diagonal threefold of the same degree. Here the weight motive means the 
(Z/MZ) x -orbit of a = (M , M 1 ,M 2 , M 3 , M 4 ) in % x with Mi := M - M - M 2 - 
M3 — M4. We will discuss more details about weight motives elsewhere (cf. [24]). 

Proof. Let X be the affine quasi-cone of X in A 5 . Write fc„ for the extension of 
k := Fq of degree v. Denote by N V {X) for the number of fc„-rational points on X. 
By Corollary 1.4 of [8], we have N V (X) = 1 + {q v - 1)N U (X). Let V be the closed 
subset of X defined by z\ = 0; i.e. 

V : z™ 2 + z™ 3 + z\ li = with z being free C A 4 . 

Write U for the open subset X \ V: 

(9.1) U : z™° Zl + z™ 1 + z™ 2 + zp + z™ 4 = with z x ^ C A 5 . 

Then X^ v = Vk v U Uk„ (disjoint union) for every v > 1. Regarding zi as a constant 
in fc* , write U(z\) for the affine hypersurface in A| defined by the equation (|9.1[) . 
Then for !/>l, 

N V (X) = N V (V) + N AU(zi)). 

Write Pi(C,t) — Yii(^ ~ ctit). It follows from Weil's classical results that 
N v {V) = q »{q 2 »-{q»-l)Y,<*i}- 

i 

Applying Lemma \8. 41 to the case r — 4, 60 = z™ 1 , 61 = z\ and 62 = 63 = 64 = 1 
(and also interchanging ao and ai), we find 

JV„(ET(*o)) = <Z 3 " - £ ^ 1 (^ 1Q1+ao )jUa) 
aea 
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where \v is a non-trivial character of fc* defined by \ v = \ ° ^k^/kt j u is the sum 



vt£k* (l<i<4) 
1+fiH h«4=0 



and 

ai € Z/MZ, a, € MiZ/MZ (i = 0,2,3,4), 
a t ^0 (i = 0,2,3,4), Eto^=° 



2lo = |a= (ao, • • • , a 4 ) 
Noting that 

E xz\4 a+miai ) = 



q u — 1 if a + miai = (mod M) 
otherwise 

we obtain 

E N v {U{ Zl )) = q * v { q »-l)- E E X^i Q ° +miai )>(a) 
= g 3 "(«T-l)- E^( & ) E X* 1 (*i 0+miai ) 
= g 3 "(g"-l)-(g"-l) E ^( a ) 

ao+miai-0 



= -1)- (if- 1) E ^( a ) 



(ao 7^ implies ai 7^ 0.) It holds now that j v {a) — jp(a) 1/ . Combining this with 
N V (V), we conclude 

n v (x) = ^ - - i)E«r - (q v - 1) E M & r- 

Therefore it follows from AT„(X) = l + (q v - l)N v {X) that 

jv„po = 1 + ? + q 2 » + <?» - ew - E 3P^- 

This gives rise to the zeta- function of Xf., □ 

Remark 9.3. In Proposition ^. 31 the weight (&2, £3, k^) of the 2-space P 2 (fc2, &3, £4) 
may not be normalized. But the computation of the zeta-function of C can be 
carried out in the same way as for a normalized weight. The polynomial P\(C,t) 
of C then has the form 

Pi{C,t)= [] (WW*) 
ae2i c 

with 21c* = {a = («2i «3> a 4) I ^ G fciZ/(iZ, aj 7^ (i = 2,3,4), J]- =2 ai = 0}. 

As in the diagonal case, Sing (X) for a quasi-diagonal threefold is a scheme over 
k and now Po : = (1 : : : : 0) becomes a possible singularity. We have 

Sing(X) = |J |J Pj. 

ieJi je/ u{o} 
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Theorem 9.4. Let K be a number field. Let X be a singular Calabi-Yau threefold 
over K of quasi- diagonal type constructed in Section 4 by the equation 

z™°z x + z™ 1 + z™ 2 + z™ 3 + z™ 4 = 

in P 4 (wo, wi, u>2, w 3, W4) of degree d = wq + ■ ■ ■ + wa- Assume that K contains the 
M-th cyclotomic field Q(Cm)> where M is the integer defined in Theorem 19.31 Let 
p be a prime of K not dividing M . Write Xp for the reduction of X modulo p and 
put ¥ q := Ok/P with q = Norm p. Then the following assertions hold. 

(a) The zeta-function Z(Xp,t) has the form 

7(x f) = W P ,t) 

1 P ' } (l-t)(l-qt)(l-qH)(l-qH) 

where P^{Xp,t) is a polynomial of integer coefficients whose reciprocal roots have 
the complex absolute value q 3 ^ 2 and 

P 3 (X p ,t) = P 1 (C,qt) H (l-j P (a)t) 

a£3l x 

with C and 2lx o,s being defined in Theorem l9.2l 

(b) There exists a crepant resolution Xp of Xp such that Xp is obtained by ap- 
plying a toroidal desingularization to¥ 4 (Q) and Xp is a Calabi-Yau threefold over 
F,. 

(c) With the notation of (b) and Lemma 19.11 we have 

z(x p ,t)- P ^ t] 



(1 - t)P 2 (Xp,t)P 4 (Xp,t)(l - qH) 



with 



P2(X p ,t) = (l-qt)l[(l-qt) n > [J P (P h qty> 
•eii je/ou{o} 

P 3 (X p ,t) = Px{C,qt) [] (l"ip(a)t) II P^rtT' 
aea x ieJi 

P 4 (Xp,t) = P 2 {Xp,qt) 

Proof. The assertions can be proven in the same way as in Theorem 19.21 by noting 
the contributions of a curve C and a singularity Po to the zeta-function of X p . □ 

10. Deformations of Calabi-Yau threefolds & zeta-function 

In this section we recall some results on the variation of the zeta function of a 
variety. 

In this context we need to use a different cohomology theory than in the pre- 
vious sections, namely rigid cohomology. We will not define rigid cohomology in 
complete detail, but give a simplified presentation, which works for quasi-smooth 
hypersurfaces. For a good introduction to the theory of rigid cohomology we refer 
to and [3]. 

Definition 10.1. Let q = p n , with p a prime number. Let Q 9 (resp. Z g ) be the 
unique unramified extension of Q p (resp. Z p of degree n. Denote by 7r the maximal 
ideal of Z 9 . 

Let P F be a shorthand for P^ +m_1 (t) w, iu v). 
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Let Xx.^ C Pf, be a family of hypersurfaces, say given by F\^ — 0, such that 
the general element is quasi-smooth. Let U\, /z be the complement Pp 9 \X\^. Since 

z(u^, t)Z(X^, t) = Z(V ¥q , t) f 



(1 - t)(l -qt)...(l- q n + m ~H) 



it suffices to determine the zeta- function of U\^, if one wants to know that the 
zeta- function of X\ „■ 

Choose now a weighted homogenous polynomial F\ t ^ G Z 9 [A,Xo, . . . , X n ] such 
that = F\^ mod n. Let X\ -fl C Pq^ be the zero set of F\^, let be 

Pq 9 \ X\ ^. Since is affine, we can write = SpecR\ tfl , with 

Rx,„ = Q q [\ »,Y ,..., Y m ]/(G lt x tll , G k)X , M ). 
For Ao,/xo in the p-adic unit disc, set 

I {H € Q 9 [[1q, ■ ■ ■ , Y m \] : the radius of convergence of H is at least r > 1} 



t 



Then R\ o is called the over convergent completion (or weakly completion) of 

Definition 10.2. Let i ; Pq — > Pq 9 be the natural quotient map. Let G := Xfj, w ./A 

be the group associated with this quotient. Set W to be the overconvergent comple- 
tion of the coordinate ring of F n \c~ 1 (X). Then on f2^ t there is a natural G-action. 
Set f2^ t = (f2^ t ) G . The i-i/i Monsky-Washnitzer cohomology group H l (U,Q q ) is 
the i-th cohomology group of the complex fip t . 

Definition 10.3. Let R be a ring over Z 9 . Let 7r be the maximal ideal of "L q . A 
lift of Frobenius is a ring homomorphism Frob* : R — » i? such that its reduction 
modulo 7r 

Frob^ modTr : i? F g -» i? <g) Zg F g 
is well-defined and equals x > a; 9 . 

Fix a lift of Frobenius Frob*, to i? A , such that Frob*, (A) = A 9 , Frob*,(^) = pfl 

and Frob*, maps R^ q to i? A . Denote by Frob*, also the induced morphism on 

H\U Xo ,Q q ). 

From now on let 

F\,i,(xt, ...,x n: yi,.. .,y m ) = ^xf* -^y* 1 +A]Ja; t a< - M JJj//- 
Lemma 10.1. Let 

>- J A, J ul,- t 'l) • • • j ■'jii yli ■ ■ ■ i tin) • — • r A, J ul l - t 'l (•••)- i n i i/i : ■ ■ ■ i Urn )■ 
Then G Aj/J = defines a smooth hypersurfaces in p n + m ~ 1 (i^ . . . , 1) if and only if 
-Fa, a» = defines a smooth hypersurface in P. 

Proof. This is a straightforward calculation. □ 

This Lemma allows us to obtain results on H l (U\ o4lo , Q q ) that are very similar 
to the results of [HI Section 3]. We summarize this in the following Theorem: 



Theorem 10.2. Suppose Xx .p, is quasi-smooth. Then H l (U\ a ^ ,Q q ) = for 
i =/= 0,n + m — 1 and 

q n+m-l + (_ e) n+— ^^((Frob;)- 1 !^—^^,^)) = #CWF 9 ). 
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The proof is very close to the one-dimensional case (i.e., /i = 0). For this reason 
we leave it out. See [161 Section 3] for the proof in the one-dimensional case. 
For the central fiber, we can use the results of the previous Sections, namely: 

Proposition 10.3 (|16j). Let k be an admissible monomial type. Then 

Frob* w k = d k , 9 Wqk, 

with dk. q G Q 9 . If d = 1 mod q then q n + m ~ 1 /d^ is a Jacobi-sum. 

We describe an approach to determine the characteristic polynomial of Frobenius 
on H n+m ~ 1 (U\ _ f _ l01 Q q ). We can study the Frobenius action on H n (U\ }fl ,Q q ) as a 
function in A and ji. 

Fix a point (Ao,Ato) and an (analytic) curve v — > (\(y), n(v)) connecting (0,0) 
with (A ,/io)- K") q = K vq ) and A(0) = u(0) = 0. 

Following N. Katz [15j . consider the commutative diagram 

H n+m ~\U Mv)q ^ u)q ) FmK ^^> , H n + m -\U M „ )M Q q ) 



H n + m ~ l {U 0fi ) £ ' H n+m - 1 (Co,o > Q,) 

where Frob^A,,, is the Frobenius acting on the complete family. Since it maps the 
fiber over (0,0) to the fiber over (0,0) this map can be restricted to E^(o,o)- Katz 
studied the differential equation associated to A(v). He remarked in a note that it 
is actually the solution of the Picard-Fuchs equation. In [15] only the case P = P" is 
discussed. In [16] it is discussed how to deduce the general case from this particular 
case. 

In |16] a procedure to compute A{y) is given. For this we need some notation 

Notation 1. Let P' be a fc-dimensional weighted projective space with weight (ui) 
and coordinates z t . Let CI := U z t V (-1V M.-^a A . . . A §*L A . . . A 

Calculating in H n+m ~ 1 (U\ (ul _ l0 , Q q ) is relatively easy, due to the following well- 
known observation: 

Remark 10.1. Let G be the defining equation for a quasi-smooth hypersurface X in 
a fc-dimensional weighted projective space P', let U be its complement. The vector 
space H n (U,Q q ) is the quotient of the infinitely-dimensional vector space spanned 

by 

G t 

with deg(H) — tdeg(G\ ) — w by the relations 

(t - l)HG Zi - GH Zi 
G l 

where the subscript Zi means the partial derivative with respect to a coordinate Zi 



We return to our family X\^. We continue by identifying particular differential 
forms, such that their classes generated H n+m ~ 1 (U\ ^ ,Q q ): 
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Definition 10.4. Assume that d = dcg(X) is divisible by all the Uj. A monomial 
type m = (mo, . . . , m^) is an element of UjZ/cK such that E"^i = in Z/<iZ. 
Choose representatives m t e Z of m7 such that < m < d. The relative degree of 
m is then mi/d. 

A monomial type k is called admissible if there exist integers fcj, i = 0, . . . n such 
that < h < di — 1 and k := (uo(^o + !),•••, u n (k n + 1)). Let i be the relative 
degree of k. With k we associate the differential form 



Proposition 10.4. Suppose X\ ^ is quasi-smooth. The set 

{wk: k an admissible monomial type} 

is a basis for H n (Ux B ^„,Q q ) . 

The operator A{v) can be calculated as follows: Let k be an admissible monomial 
type of relative degree t. Then A(^)wk is the reduction of 



oo 



■Jj ■ •>• . ,■>■,- 2; 



( < + .1 1) n ff n vt_ (jw + m*w n 

j=0 



in H n (U~o.o), provided that \v\ is small enough. For v with larger norm, we can use 
analytic continuation to obtain A(y). 

The operator A{y) depends on the chosen path, but its value at any point (Ao, /zo) 
is independent of the path. Hence it makes sense to describe A in terms of (A,^). 

11. Calculating of the deformation matrix 

In this section we calculate A(X, /j,)w n for an admissible monomial type n. Let 
d[ be the order of mod di in Z/d^Z. Let d' be least common multiple of all the 
d[. Set bi — fid' /di. Let e'- be the order of bj mod ej in Z/ejZ. Let e' be least 
common multiple of all the e'j. Set gj — bje' /a. 

In the following proposition and its proof we identify elements in a £ Z/raZ 
with their representative a £ Z such that < a < m — 1. Denote by (t) m the 
Pochhammer symbol t(t + 1) . . . (t + m — 1). 

Proposition 11.1. Let k be an admissible monomial type. Let t be the relative 
degree of v. Write A(\, /i)wk = E c m(A,/i)w m , where the sum is taken over all 
admissible monomial types. Then c m (A, /i) is non-zero only if there exist r , s £ Z 
wif/i < r < dl — 1, < s < e' — 1 and such that m k = roa + s^b. // this is 
the case then c m (A,/^)w m is the product of 



(-A) r V-F<J'-l ( ro + l ro+2 ^ r +d' i II ( X ) 



and 



t + S - l\ , , x So F / . -r-r /& 
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where 



and 



with 

ied [ J*i — n, 

TTlt + l-O + SO 

^0,0 

(s - + 1 + Qirp + fc, _ _ . _ 

(s - l)e 4 + 1 + 6jS + rrii 1 . 
Pj> = r—; ,s = l,...,gi;i = l,...m. 

bid 

Where red means reducing in the cohomology group H n (Uo,o> Qg)- 

Proof. This proof is very similar to the proof of |16l Proposition 5.2] . For notational 
convenience we calculate the deformation matrix for the family ^2 x i' + E vT + 
A I! 4 + A* I! y b / ■ At the end of the proof we show that our original family has the 
same deformation matrix. 



One starts by expanding 



IK IK' 



as follows 



(E^'+Eyr + An^+^n^)* 



d'-X e'-l -r-r ki + (ri+jid')ai yr rn j + (s 1 +j-2t 

EV V R B — J 
12 p't+ri+si+iid'+iae' 

ri=0«i=0ji,j 3 >0 



withF = E^'+E 



= (t + n + -i + h d> + i2 e' - A = M + Sl + + j 2 e' 

V t ~ 1 J \ n+jid' 

In each of the reduction steps the exponent of one of the Xi (resp. yj) will be lowered 
by di (resp. ej.) This implies that we have to distinguish between exponents that 
are different modulo one of the di or ej and hence we only need to consider the 
summand for r% = ro,s\ = sq. 

Write the reduction of this summand as c (-A) fc ° {~n) m ° J2 c n,h (-^) d ' n (— A t ) e '' 72 • 
A calculating similar to the one done in [161 Proposition 5.2] shows that Cj 1 +ij 2 /cj 1 _j 2 
is an element of Q(ji) and Cj 1 j 2 -^i/cj 1 j 2 is an element of Q(j2), i.e., they are ra- 
tional functions in j\, resp. j'q. This implies that 

= Co (-A)*°(- M r> (e4: } (-a)^) (Ecg^-M) 6 '^ 

where c^ +1 /c^ +1 G Q(jt) for i = 1,2, i.e., this sum is a product of two hypergeo- 
metric functions. 

The actual calculation of the parameters of these hypergeometric function is 
similar to the calculation in [TBI Proposition 5.2] and we leave this to the reader. 

It remains to show that the family Yl x f* +J2Vi i + A II x" 4 + [i Y\ y h j and our 
original family have the same deformation matrix. 

Let C be a primitive 2e-th root of unity. Then the map tp mapping Xi to Xi and 
yj to ( Vj yj, defines an isomorphism between and X' x , defined over Q 9 (C)- 

Since q = 1 mod e we obtain that [Q 9 (C) : Q«] < 2, and equality holds if only if 
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<7 ^ 1 mod 2e. If q = 1 mod 2e then there is nothing to prove. So assume that 
g^l mod 2e. Then 

Frob 9 oj n = if- 1 ¥mh' q (p(uj n ) = f- 1 Frob^C^" 1 ^ 1 ^ w„ 

_ p-i£«E("y+i)«¥ Frob' 3 w„ = C (<?_1) Frob' g w n 
= (_i)E(wi+iK Wn = (_i)e-'>«o(TOo+i) CJn _ 

where too is chosen in such a way that m is a monomial type for V 2 - Decompose 
i/ n+m_1 (?7A, M , Qq) = Hi(\, (j,)®H 2 (\, fi), where Hi is spanned by the w n with odd 
too and i?2 is spanned by the w n with even mo- 

Since this too is the same for all monomial types of the form v + Aa + /ih, we can 
write A = A\ © A 2 such that A; is defined on Hi . Let A\ be a similar decomposition 
of the deformation matrix A' of X' x , 

Since uj n is an eigenvector of Frob 9 * (by Proposition 110. 3() we obtain that 

Frob 9 * o respects the decomposition Hi(0, 0) © #2(0, 0). 
Collecting every thing we have on Hi that 

Ai(A 9 , ii q ) Frobg, ,o A X (A, fi)- 1 = Frob A:AI w n = - Frob' A /i w n 

= J 4' 1 (A«,^)(-Frob^ )A' 1 (A,^)- 1 
= ^(AV^Frob^oAUA^r 1 - 

An easy calculation shows that A\ = At, and a similar approach shows that A' 2 — 
A 2 , whence A' = A. □ 

Note that this Proposition gives almost a complete reduction of the form Frob* A „(wk)j 
in the sense that c m (A, n) is described as the product of a hypergeometric function 
and the reduction of a rational function in the Xi multiplied by f2. This last form 
can be easily reduced using the following Lemma: 

Lemma 11.2. Fix non-negative integers bi such that ^biWi + w = td for some 

FT bi 

integer t. Then the cohomology class ui :— pi il € H n (Uo,Q q ) equals 

IL((<* + iW<0«rK 



(a)*-. ^ s 



-n e H n {U ,Q q ), 



where < Cj < di and qi, s are integers such that bi = q^di + Ci, and sd = ^ CiWi + 
w. Moreover, if for one of the i we have Ci = di — 1, then uj reduces to zero in 
cohomology. 

These three results enable us, using Katz' result, to give a complete description 
of Frob A;M . 

Suppose now that ^ is a family obtained by the twist construction. I.e., 

-^A,/i {Vi,\ x ^2,a0 I ^i- We want to relate the zeta-function of AT A . M with the zeta 
function of Vi t \ and V 2 ^- This can be done purely geometrically, in the sense that 
one can factor the birational map X\ ttl — > (Vi,a x V^^/He in proper modifications 
and then determine the zeta-function of the center of each of the proper modification 
and the zeta function of each of the exceptional divisors. However, there is a more 
straight-forward procedure that is more combinatorical. 

We start by giving a technical definition concerning monomial types: 
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Definition 11.1. Let k be an admissible monomial type for V% and let m be an 
admissible monomial type for V%. We call k, m is an admissible couple if fco + mo + 
2 ee mod I. 

For an admissible couple k, m define 

k© m := (u wi(fci + 1),.. • ,v w n (k n + l),w vi(mi + 1), . . . ,w v„(m m + 1)). 
Then k © m is an admissible monomial type for X\^. 

Remark 11.1. Let a be a generator of Then cr*Wk = (^ ko+1 uj\ i and a*ui m — 

C m ° + 1 LO m . 

This implies that the set 

{(wk,Wm) | k, m an admissible couple} 

is a basis for 

® i (H n+1 (u 1 ,xT*- ci x H m+1 (U 2 ^Y*^). 

The cohomology groups tf^Vi^prim H n (U^ x ) and H^ 1 ^)^ Si 
H m (U2,fj,) can be studied using the results of [16]. Using the birational map 
(Vi.x x V2,\)Ht X\.^ we can relate a subspace of H n {U\^\) x H m {U2.^) with a 
subspace of H n+m - 2 {X x ^): 

Proposition 11.3. We have the following commutative diagram 

© i if«(f/ 1 , A ) fi (l) X H m (U 2 ^) ( t-i(l) -JL^ H n+m- 1(17 A>M )(1) 

i/ere one should consider the cohomology groups in the upper row as rigid cohomol- 
ogy groups. The subscript £ l indicates that we take Q -eigenspace of a* . 

The two vertical arrows are residue maps (i.e., isomorphisms), the upper hori- 
zontal arrow is induced by the birational map X\^ ---> (Vl \ x Vz^) / [Jig. The lower 
horizontal arrow is the ( unique ) map making this diagram commutative and is given 
by 

where k, m is an admissible couple of monomial types. In particular, ip is injective. 

Of course, one should describe the image of ip: 

Lemma 11.4. Let n = (voWi(ki + l), . . . , vow n (k n +l) , u>oi>i(mi+l), ■ ■ ■ , wov n (m m + 
1)) be an admissible monomial type for X\ ^. Let ko, mo be the unique elements of 
Z/£Z such that k :— (u>o(fco+l), •••> w n(k n +l)) o,nd m :— (i>o(mo+l), . . . ., v m (m m + 
1)) are (not necessary admissible) monomial types for Vi and Vi. 

Then cu n is in the image of ip if and only if k and m are admissible monomial 
types, or if and only if ko ee —1 mod I. 

Proof. The first 'if and only if follows directly from the equality u n = ^©m- 

For the second 'if and only if observe that since n is admissible we have ki ee 
— 1 mod di for i > and rrij ee — 1 mod ej for j > 0. So k is admissible if and only 
if ko ee — 1 mod £ and m is admissible if and only if mo ee — 1 mod I. 

An easy calculation shows that fco + mo ee —2 mod I. This implies that if one of 
fco, mo is —1 modulo I then so is the other and that if one of k, m is admissible so 
is the other. This finishes the proof. □ 



50 



YASUHIRO GOTO, REMKE KLOOSTERMAN, AND NORIKO YUI 



We summarize the results of this section 

Theorem 11.5. Let Xx jfi be a 2-parameter family obtained by applying the twist 
construction to two families Vi f \ and V 2 ^, that are both monomial deformation of 
diagonal hypersurfaces. Then Z(X\ M ,t) is the characteristic polynomial of 



Let Si be the vector space generated by all monomial types for Vi . Let n e act on Si 
in such a way that its action is compatible with the map k t—, > lu^. 

Let -Bi(A) (resp. B 2 (^i)) be the deformation matrices for V\ (resp. V 2 ). 

Then there exists operators -Ai(A) on S\ and A 2 (fj,) on S 2 such that A(X, /i) = 
(Ai(X) (g) A 2 (ju))|(s lg is 2 )Mi } where we identified H n+rn ^ 1 (Ux tfl ) with (Si O S 2 Y l by 
sending k © m to Uk©m- 

Suppose k is an admissible monomial type for Vi then Ajk = Bicu^, where we 
identified Lu m with m. 

In more geometric terms, this theorem tells that the deformation matrix A of 
A^a,ju is essentially the same as the tensor product of the deformation matrices Bi 
of the Vi, that the difference between the deformation matrix A and the product 
B\ ® B2 is completely due to admissible monomial types n for X\ jfi that cannot 
be obtained as the image of an admissible couple and that even in this case similar 
formulas hold. 



We would like to consider some families of varieties that come out of the twist 
construction. The examples in Table [4] and [5] do not give interesting examples. We 
start by explaining this fact: 

Remark 12.1. The Calabi-Yau threefolds that are listed in Table [4] and Table [5] 
do not give interesting examples: The examples in Table [4] and [5] are quotients of 
E\ x Sfj,, by an abelian group of order I £ {3, 4, 6} that acts faithfully and has fixed 
points on E. This forces the elliptic curve E to have j-invariant (£ = 3, 6) or 1728 
{£ = 4). The possible variation of the zeta function of E\ is very limited since for 
every A € ¥ q there exists a field extension K/¥ q of degree 4 or 6 such that we have 
that (E)k — {E\)k- This implies that the Frobenius action on H 2 (f\ E\) is the 
Frobenius action on H 2 (P \ E) twisted by a quartic or sextic character. 

Using the Kunneth decomposition one gets that the deformation of the zeta 
function of ^ equals the deformation of the zeta function of S^ twisted by a the 
quartic or sextic character. This can be easily determined using the results of [16) . 
For this reason we will give an example of deformations of Calabi-Yau threefolds 
mentioned in Table El 

Let C\ be the family of genus 25 curves x% + x{ 2 + x\ 2 + Xx^x^ 2 in P 1 (2, 1, 1). 
Let Sf, be the family of K3-surfaces y% + yf + y\ + y| + liyTvTVz in p3 (!> !> 2 . 2 )- 
Then the twist construction gives a two-parameter family of quasi-smooth threefold 



in P 4 (l, 1,2,4,4). In this example we want to describe the zeta-function of both 
X\^ and its resolution of singularities. The latter is a Calabi-Yau threefold by 
Proposition [431 

We explain first how one can compute the deformation associated with C\. 




A(A, M )- 1 ErobS, A(A«,M ? )- 



12. An example 



v 12 1 12 1 \ ai a 2 6 3 3 fci b 2 b 
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Example 12.1. The group H 2 (¥ 2 — C\,Q q ) is generated by the forms 

x x x x 2 
Fx 

with fc € {0, 1, 2, 3, 4}, ki E {0,1,..., 10} \ {9 - 2fc } and k 2 = 8 - 2k - k\ or 
fc-2 = 20 — 2fco — k%, depending which one of these two lies between and 10. In 
particular, C\ has genus 25. Note that a generator a of /i 6 acts on u> c by sending 
it to Ce° + W 

The forms with ko = 2 are pulled back from the genus 5 hyperelliptic curve 
x 2 + x\ 2 + x^ 2 + Ax^Xj 2 , the form with k — 1, 3 are pulled back from the genus 
10 trigonal curve x% + x{ 2 + x^ 2 + Ax" 1 .^ 2 . 

Take now a\ = 1. Then a 2 = 11. The following result can be obtained using 
Proposition rjTIl Fix k S {0,1,2,3,4}. Let ki S {0, 1, . . . 11} \ {9 - 2fc }, let 
k 2 = 8 — 2ko — k\ if 2fco + fci < 8 or 20 — 2fco — fci otherwise. 

The entry in 5i(A) at (2 • (fc + 1), k\ + 1, fe 2 + 1) X (2 • (m + l),TOi + l,m 2 + 1) 
is non-zero only if mo = fco- 

Set po : = (1 + 11 (mi — k\) + fc 2 )/132. Using Proposition lll.ll we obtain that this 
entry equals 

/ l+mi „ „ i 1 „ i 10 11 n \ 

I, A) 12-^11 I mi -fci+l mi-fci+2 i mi-fci+12 i 7^12 A j 11 Kl - 7711 

\ 12 12 1 12 lZ / 

and 

/13+mi _ , i „ , 12 „ , 21 11 11 \ 

/ JVmi-ti+12 p /^2— PO + IPO + Tj- ... PO+TT. 11 ,12 \ - f , 
l~ A J 12^11 I mi-fci+13 mi-fci + 14 f mi-fci+24 > 7^12 A I 11 Kl > m l" 

V 12 12 1 12 1Z / 

Actually these functions are 10-F9, i.e., two of the parameters in the upper row 
appear also in the lower row, namely "j-^ 1 and one of po + 10 ~ fc2 and po + 22 12 fc2 
appear in both the upper and lower row. 

For fco — m o = 5 then Biuj^ = 0, but the above formula make senses, and yields 
an expression for AiWk, (0, fci + 1, + 1) x (0, mi + 1, m 2 + 1) provided that none 
of the ki,rrii equals 11 mod 12. This is the deformation matrix associated with the 
finite set x\ 2 + x^ 2 + Xxix^ 1 = consisting of 12 geometric points. 

We proceed by doing a similar calculation for S^. 

Example 12.2. We want to calculate the deformation matrix B 2 (/i). Take b\ = 
2,b 2 = 63 = 1. Let (ko, k\, k%, k%) and (mo, to 1; m 2 , to 3 ) be admissible monomial 
types. Note that a generator a of /x 6 acts on lo c by sending it to Q 0+1 uj c . 

The entry of B(/j) at k x m is non-zero if either k = m or fco = too, ki ^ mi, 
fc'2 = fc3 and TO2 = TO3. We list now all non-zero entries. 

The entry at (fc + 1, 5 - fc , 2 • 1, 2 • 2) x (fc + 1, 5 - fc , 2 • 1, 2 ■ 2), (which equals 
the entry (fc + 1, 5 - fc , 2 • 2, 2 • 1) x (fc + 1, 5 - fc , 2 • 2, 2 • 1)) is 

/ 5-fco _i \ 



The entry at (4, 4, 2 • 1, 2 • 1) x (4, 4, 2 • 1, 2 • 1) equals 
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The entry at (2, 2, 2 • 2, 2 • 2) x (2, 2, 2 • 2, 2 • 2) 



The entryblock at (3, 5,2-1,2- 1), (3, 1,2-2,2-2) equals 



V 



5 1 

2*i i 6 2 3 ;wv 3 

' ~ 3 -7 2 

6 3. ^i„3 

4 ! 27 r 1 
3 



>* 
2*1 



1 ,,2 



54 A 1 



5 4 



2 f\ V; 27V 



2J F! V; 27V 



The entryblock at (5, 3,2-1,2- 1), (5, 5,2-2,2-2) equals 



V 



2*1 



1 1 

2„3- =i „3 



2"i 27 V 
I 1 2*1 2T^ 



t^m 2 2*1 V; 



2*1 



3 4 

3 



5 2 

6,3- =l u 3 
1 ' 27 " 
3 



The entryblock at (1, 1,2-1,2- 1), (1, 3, 2 • 2, 2 • 2) equals 



V 



-H 2*1 



2*1 ( M; 2f^ 3 ^ 



1 2 
2 4 3 i "27" A 4 



2*1 ( V;^ 3 



/ 



It remains to calculate the entry block that appears in A2 but not in B2 , namely 
the block at (0, 2, 2 • 1, 2 • 1) x (0, 4, 2 • 2, 2 • 2) 



2*1 



3 Q 3. ^i„3 
2 j 27 ^ 



2 2 



_1_,,2 
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M 2*1 



-/x 2*1 ( V; 2f a* 3 



2*1 



3.3. =1 ,,3^ \ 
5 ) 27 A* 
3 



33. ^i u 3 
I i 27 A 1 

3 



/ 



This final block i also the deformation block of the elliptic curve x\ + x\ + x\ + 
Xxix 2 x 3 . 

Remark 12.2. One can show that image of H 2 {U\ \) £g> H 3 (U2 M ) has codimension 
22 in HHU^). 

Remark 12.3. One can easily show that for A £ F 9 we have that 



is a sixth root of unity, where A is the Tcichmiiller lift of A. 

Suppose q = 1 mod d. Then the above remark implies that there is a 120- 
dimensional subspace of H' of the 202-dimensional space H 3 {U\ tlI ) on which the 
Frobenius action is the Frobenius action on the "corresponding" subspace of H 3 (U\.o) 
twisted by a sextic character. 



In this way we get enough information to determine the zeta- function of X\ ttl . 
However, we are interested in determining the zeta-function of its resolution. Up to 

now we found only a part of the cohomology of the desingularization X\^ of X\^. 
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12.1. Desingularization. The singular locus of X\ jfl consists of x% — X2 = yf + 

2/1 + 2/1 + /^i* 1 2/2 2 2/3 3 = 0- I n order to resolve these singularities we resolve the 
weighted projective space P(l, 1, 2, 4, 4). This can be done by toric methods as 
follows (cf. 0): 

Let Vi be the four standard basis vectors of R 4 . Let vq = (— 1, — 2, — 4, — 4). 
Consider the fan E consisting of the cones generated by the proper subsets of 
{vo, Vi,V2,vq, V4}. Then it is well-known that the toric variety associated with this 
fan is isomorphic to P(l, 1, 2, 4, 4). In order to resolve the singularities we have to 
split the cones in this fan in smaller cones. 

Let W\ — (vq + Vi)/2. Let a G E be a four-dimensional cone through vq and 
v%. Let Vi and Vj be the other generators. Then we can split up a into the union 
of two cones <j\ and 02 , where o\ is generated by vo,u>i,Vi, Vj and 02 is generated 
by wi,v\,Vi,Vj. Dchnc a new fan E' generated by the four dimensional cones in 
E that do not contain both vq and v\, and the cones obtained by splitting up the 
cones containing both vq and v\. 

The toric variety obtained in this way is the blow-up of P(l, 1, 2,4, 4) along 
Xi = X2 = 0. This variety is still singular. In order to resolve the singularities 
completely we need to split up every four-dimensional cone containing V2,wi into 
a cone generated by w\,W2 and one cone generated by i>2 and 11)2, with W2 — 
(wi + i>2)/2. One easily sees that the toric variety P corresponding to this fan is 
smooth. 

Consider now again our threefold X. Let X be the strict transform of X in P. Let 
S\ and £2 be the intersection of the two exceptional divisors with X. A computation 
in local coordinates shows that E\ is a ruled surfaces over 2/1+2/2+2/3+ A*?/" 1 2/2 2 2/3 3 = 
blown-up in three (geometric) points lying in the fibers over the intersection of 
2/! = with B := Spec(F g [(2/ 2 /2/3)]/((2/ 2 /2/3) 3 - 1)- 

Using the toric representation of our variety one easily sees that £2 = F2 x B, 
where F2 means the Hirzebruch surface F%. Hence, if q = 1 mod 3 then £2 consists 
of three copies of the Hirzebruch surface F2, lying over the points with x\ — X2 — 
2/i = 0, and that the intersection of £\ and £ 2 consists of 3 times the union of two 
P 4 s intersecting in a point. 



12.2. Z(X,t). One easily computes that Z(F2,t) — ( 1 _ t )( 1 _ p 1 f ^( 1 „ p ^ t ) and that 

Z{F 2 ,t) 2 Z{F2i-t) if<7 = 2mod3 
Z(F2,tf if <7=1 mod 3 



Z(£ 2 ,t) = 



To compute Y(£i,t) note that a ruled surface over a curve C has zeta- function 

Z(S,t) = Z(C,t)Z{C, P t). 

The intersection of £\ and £2 consists of geometrically three connected compo- 
nents. In the case that q = 1 mod 3 all three are connected over ¥ q . Otherwise 
only one connected component is defined over F g . Each connected component is 
isomorphic to a union of two P 1 intersecting a point. 

Collecting everything we see that 

Z(X,t) 



Z(X,t) = 



Z(C, t)Z(C, qt){\ - qt) 2 (l - qH) 2 (l - (-l)^ 1 )/^! - (-l)^ 1 )/ V) 



It remains to determine Z(C,t). This is relatively easy. Let C : + + y| + 
mTy^yT in p ( 1 ! 2 > 2 )- This implies that a is divisible by 2. The curve C is 
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isomorphic to Xq + x\ + x\ + I^Dq y^y^ 2 
We have the well-known Hasse pencil 
matrix 



2-f 1 



1 1 



27 



2 2 

V 
3 



27 



In the case ao — 2,ot\ — a-i = 1. 
This family has the following deformation 
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2-f 1 



2-^1 



4 4 

V 



3 1 3 



27 



27 



\ 
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